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Abstract

The paper introduces a new nonparametric specification test for dynamic regression
models. The test combines Chi-square statistics based on Fourier series regression. A
data-driven choice of the regression order, which uses the square-root of the number
of Fourier coefficients, is proposed. The benefits of the new test are: (1) the selection
procedure produces explicit and Chi-square critical values which give a finite sample
size close the nominal size; (2) the test is adaptive rate-optimal and detects local
alternatives converging to the null with a rate that can be made arbitrarily close to
the parametric rate. Simulation experiments illustrate the practical relevance of the

new test.
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1 Introduction

Starting with Bierens (1984) and Robinson (1989), nonparametric specification testing for dependent data
has received much attention in the econometric literature. The range of potential applications includes
nonlinearity tests and time series model building as reviewed in Tjgstheim (1994) and Fan and Yao (2003),
specification of continuous-time diffusion model for interest rates (Ait-Sahalia (1996)), specification of the
Phillips curve (Hamilton (2001)), rational expectations models and conditional portfolio efficiency (Chen
and Fan (1999), Robinson (1989)), tests of the Black and Scholes formula (Ait-Sahalia, Bickel and Stocker
(2001)) among others.

An important branch of this literature has considered a nonparametric approach which uses a smoothing
parameter, as a bandwidth or the order of a series expansion. This has raised two important issues, regarding
the detection properties and the size accuracy. The former can be addressed with efficiency considerations,
as pioneered in Ingster (1992, 1993), see also Guerre and Lavergne (2002). This framework leads to calibrate
tests to detect alternatives, in a given smoothness class, that approach the null at the fastest possible
rate. However, the proposed smoothing parameters depend upon the chosen smoothness class, which is too
restrictive for practical applications since the choice of a smoothness class is often arbitrary. Regarding the
size issue, the statistics considered in the literature are often quadratic but the critical values are computed
from a normal approximation which may be inaccurate, see Hong and White (1995) for nonparametric series
and Tjgstheim (1994) for kernel methods. Recent work for i.i.d. observations, such as Fan, Zhang and Zhang
(2001), suggests that more sophisticated approximations should be used instead of the normal. Hardle and
Mammen (1993) and Gozalo (1997) have proposed, among others, bootstrapped critical values as a solution.
This may be difficult when the parametric model under consideration is specified in continuous-time and is
therefore costly to simulate or to bootstrap. Bootstrapping is also a burden when the dynamic specification
includes covariates which are not strongly exogenous and need to be simulated.

An important step for the detection issue was the development of the adaptive framework. Under
this approach, the smoothness class containing the alternative is considered as unknown. Adaptive tests
combine several statistics, designed for a specific class, to build a test, see Hart (1997) for a review of
earlier work in this direction. Spokoiny (1996) has developed an efficiency theory for the adaptive case.
Various papers considered adaptive rate-optimal tests using the maximum of the statistics, including Fan
(1996), Fan and Huang (1999), Horowitz and Spokoiny (2001), Spokoiny (1996,2001). More specifically,
Horowitz and Spokoiny (2001) have proposed an adaptive rate-optimal kernel-based specification test for a
general parametric regression model that has generated various extensions. Baraud, Huet and Laurent (2003)
consider some nonasymptotic refinements of the maximum approach for specification of a linear model. Poo,
Sperlich and Vieu (2004) are interested in a semiparametric null hypothesis while Gayraud and Pouet (2003)
considered a nonparametric null. Gao and King (2001,2004) and Fan and Yao (2003) have proposed to



extend the scope of applications to dependent data.

However, the maximum approach produces statistics with unstable asymptotic null behavior, so that
achieving an accurate size remains a difficult issue. Fan (1996) found that the null limit distribution of his
test gives a poor approximation for finite samples. Horowitz and Spokoiny (2001) did not derive a null limit
distribution and used simulated critical values. On the other hand, Guerre and Lavergne (2005) built on a
data-driven selection procedure which, under the null, selects a prescribed statistic with a high probability.
Compared to the maximum approach, this considerably reduces the complexity of the null behavior of the
resulting test statistic, which asymptotic distribution is a standard normal given by a specific statistic. But
the statistics of Guerre and Lavergne (2005) have a complicated quadratic structure so that these authors
used bootstrapped critical to achieve a level close to the nonimal size. Hence, as earlier mentioned, such an
approach may not be suitable for dynamic model.

In this paper, a suitable modification of the Guerre and Lavergne (2005) test is proposed to derive
an adaptive rate-optimal specification test with an accurate size in a dynamic setting. The considered null
hypothesis is the specification of the conditional mean for a time series with heteroskedastic innovations.
Nonparametric series methods are used to compute Chi-square statistics of various orders, which, in case of
low degrees of freedom, have an accurate Chi-square approximation under the null. A selection criterion,
using a low penalty term proportional to the square root of the number of coefficients, chooses a test statistic.
Hence the rejection region of the test can use accurate Chi-square critical values. The rest of the paper is
organized as follows. Section 2 presents our test and the adaptive framework on a non technical level.
Section 3 groups our main assumptions and our main results. After studying the null behavior of the test,
adaptive rate-optimality is introduced and the test is shown to be efficient. Detection of local alternatives,
approaching the null with a rate close to the parametric one, is also considered. Section 4 illustrates the size
and detection properties of the test with a simulation experiment and Section 5 concludes the paper. The

proofs are grouped in Section 6 and two appendices.

2 Heuristics of the data-driven test
Consider an autoregressive model with exogenous variables Z;,
Yi=puYs1,.... Y g, Zs) + 60 = u(Xy) + &4

with X; = [Y;1,...,Y;,, Z]]' € R?, Elg;|F;] = 0 and Var[es|F;] = 02(X;), where F; is the past Borel field
generated by Xy,...,X;. Given T observations (Y1, X1),..., (Y, Xr), we want to test that u(-) belongs to
some parametric family {m(-;6),6 € © € RP}, that is the correct specification hypothesis

Hy: p(-) =m(;6) for some 6 € O.



The proposed procedure builds on the estimated residuals ﬁt =Y — m(Xt;é\T), where é\T is a consistent
estimator of 8 under Hy, as for instance the nonlinear least squares estimator

T
Or = i Y, — m(Xy;0))
01 argr;lelgt;( t —m(X¢;0))

By Y; = u(X;) + &, the residuals decompose as U; = A(X;) + &, where A(:) = pu(-) — m(-;é\T) indicates
potential misspecification, which asymptotically vanishes under the null but not under the alternative. Our
test combines nonparametric series statistics constructed by projecting the residuals to detect the presence
of a significant A(-) over a compact A = [=), A]%. More specifically, we focus on multivariate Fourier series

regression.! For k = [kq,..., kq)' € Z¢, define the k-th trigonometric function over A as

d VA By
Yr(z) = ll_[ F,(z¢) where F,,(z) = \/%H (=A< z<)) n=0, (2.1)
=1 : nz
\/i%sm(T)]I(—/\gzg/\) n >0,

so that {¢5(-),k € Z%} is an Ly(dz)-orthonormal system, that is [, ¢y (z)¢p (z)dz = 1if k = k' and 0
otherwise. Let |k| = Z?zl |k¢| be the degree of t(-). The series estimation of A(:) over A builds on
trigonometric multivariate polynomial function ), < s bytk () of degree K, with a number cx of coefficients
by proportional to K. To account for heteroskedasticity, assume that an estimator (-) of o(+) is given, and

consider the generalized least squares estimator Sx = [Zk, k| < KT,

1 (U= D tn (X))

. . - PO - Kk (X

= QT ) QU = ar min ! “f\‘SK ,

= (Wi o) v g[bk,\k\sm'; 5(X:)

where U = [Uy,...,Ur]’, Q/2 is the diagonal matrix with entries 5(X;), and Ux is the T x cx matrix

[Vr(Xt),1 <t < T,|k] < K]. Suppose that 3() is a trigonometric polynomial function of order K. A
standard procedure to test the significance of Fourier coefficients would use the Chi-square statistic
~ ~ —~ —1 T bki/)k X,
RK — U’Q_I\I’K( II(Q—lqlK) \I’ 1 Z (Zk<K ) ( t)
t

t=1

(2.2)

leading to reject Hy when EK is large. However, assuming that 3() has a finite series expansion of known
order K is too simplistic for practical applications. More generally, an arbitrary choice of K may affect the

power and a better understanding of the impact of K is important to build a proper specification test. Set

1 Using other series approximation methods, as for instance polynomial functions or wavelets, is possible but leads to a
more involved theoretical study. Indeed, the Fourier system satisfies supy czasup,ea [%x(2)| < 00, a condition which simplifies
algebraic manipulations under dependence mixing conditions. Another interest of Fourier methods is that using wavelets may
limit the scope of applications to alternatives with a maximal smoothness given by the choice of the wavelet basis, see the

wavelet tests considered in Spokoiny (1996) and Theorem 2.4 therein.



~ ~

A =[A(Xy),...,A(X7)) and & = [e1,...,e7]) so that U = A + ¢ and Rx decomposes into three terms
EK = 1/%1}( + QEQK + 1/%3}( with:

—1

Rix = AQ'wg (\IJ'Kﬁ—lpr) v 0714

~ ~ o~ ~ -1 ~

Rox = AOlUg (\I:;(Q*HIJK) 0 le

~ ~ ~ -1 ~

R3x = 6/971\1’[( ( }(Qil\I/K) /1(9716. (23)

The term ﬁflK is crucial regarding detection of potential misspecification. It is the squared norm of the or-
thogonal projection of /22 on the columns of Q~1/2¥ k., which increases with K up to 321, A2(X;)I(X; €
A)/5?(X}), achieved for cx > T. Hence Ry can be viewed as an downward biased estimation of the em-

pirical measure of misspecification Zthl A2(X)I(X, € A)/5?(X;), that is
o~
- A%(X
Rix = E Ea6.0) t)]I(XteA)+biasu(K),

where bias,(K) < 0 depends upon the unknown pu(-) and decreases with K. The other important term
in the decomposition (2.3) of the statistic ]/%K is .I/%?,K, a pure noise term. It can be expected that Z/%SK is
asymptotically a Chi-square variable with cx degree of freedom, with mean cx and variance 2ck, so that
Rsre = i ++/2¢ckOp(1). Neglecting? Rox and substituting in (2.3) gives a bias variance type decomposition

for Ry — cx®

T X2

~ X .

Ry —cx = E ﬁl(Xt S A) + blaSu(K) +v2ckOp (1) . (24)
t=1

)

Q)

Looking for the best estimator EK — ci of the misspecification indicator suggests that an ideal choice
of K should achieve the minimum of |bias,(K)| + /2cxOp(1). However, this is infeasible in practice,
at least because bias,(-) depends upon the unknown pu(-). Alternative feasible choices of K include AIC

and BIC as reviewed in Hart (1997). These selection procedures consider a K achieving the maximum of

Rk — yck where « is a penalty parameter. According to (2.4), this amounts to achieve the minimum of

1as + (v —1)ex (1 + op . erefore these selection procedures asymptotically balance |bias
bias, (K 1 1 1 Theref h lecti d ically bal bias, (K

with (7 — 1)ek in place of the ideal order 0%2 in (2.4). This suggests to use instead a lower penalty term of

the form ¢y, +’yc}(/2 affecting the square root of the number of coefficients c}(m in place of ¢;. More specifically,

2 Assume that Ho is pu(-) = 0 and that o(-) is known so that A(:) = u(-) and the choice 5(-) = o(-) is possible. In case of
Gaussian i.i.d. e; independent of the X;’s, Ry would be an N(0, }AilK) = OP(}AZ%{Q), which can be neglected with respect to
}AZH( when this variable diverges. Note also that the distribution of }AZ3K coincides with its Chi-square approximation for such
A(+), 3(-) and e.

3Note that }AZK — ¢k is a better misspecification indicator than IA%K, which is affected by an additional systematic bias term
cx. Guerre and Lavergne (2005) proposed a different bias correction that makes asymptotic inference less accurate in finite

sample, so that the Bootstrap is used.



let Kt be a set of admissible degree K larger or equal to Kpnin. Our data-driven choice of K is

K

arg max {EK —ck — 7 (2(ck — CKm;n))1/2}
Kekr

arg Héz}cx {EK — EKm;n —(ex — ko) — Y1 (2 (cK — cKmin))l/Q} with vz > 0. (2.5)
T

The introduction K, quantities in the penalty criterion reflects a preference for low degree as justified now
from considerations on the null behavior of the retained Efq-
As seen from Fan (1996) or Horowitz and Spokoiny (2001), finding an accurate approximation for the

null distribution of a statistic which combines the ]/%K’s as R, is difficult. A first distinctive feature is that

K7
the selection procedure (2.5) is flexible enough to limit the contribution of the statistics with high K by
taking yr large enough. Indeed, a limit case is y7 = +o00, which gives that K7 = Kmin. This continues to
hold asymptotically provided 7 diverges fast enough as shown in Theorem 1. Moreover, as detailed now,
an accurate approximation of the distribution of RK7 a standard Chi-square. Since 3() asymptotically
vanishes under Hg, (2.3) shows that the null distribution of Rx is approximately the one of Rsx and then,

neglecting the effect of the variance estimation, of
Rar = €' W (W) Q™' i) W0 e

where Q'/2 = Diag [0(X}),...,0(X7)]. In the i.i.d. case and according to the Berry-Esseen bound in Hart
(1997, Theorem 7.2), the distribution of the vector

02 Xt

!
[Z% Xi)es Ik < K

has a normal approximation up to a error a(ck)/T"/? where a(ck) diverges with cx. Therefore, the dis-
tribution of the Chi-squared statistic R3x should be close to a Chi-square with cx degree of freedom up
to an error a(cg)/T"/?, which is smaller for moderate K.* Hence the test uses a Chi-square critical value

Zo = Za,T With

P X(CKmin) — CK
\/QCKmin

where x(c) is a Chi-square with ¢ degree of freedom and rejects Hy if®

min Zza) .

/R7 — CK,.: -~ =~
—=——=2" > 2, where R” = Ry, . (2.6)
QCK

4This continues to hold in the dependent setup where the bound (B.9) in Appendix B gives a more complicate error term,
which is K24 /T1/2 at best. A normal approximation would be affected with a bigger K24/T1/2 4 K—4/2 error term.

5A second distinctive feature of the selection procedure (2.5) is standardization with cx_, in the critical region
{I?E'Y > CKoin T Za /QCKmin}, see (2.6). Since K7 = Kmin asymptotically, an alternative a-level critical region would use cp.,
min- But such a choice would asymptotically reduce power since ¢z, +2a/2Czy > CKin +2a v/2CK,,;, - This also
contrasts with a maximum procedure which would use the test statistic (I-AEIA(* —cp )2k = maxKE;cT(l/-\EK —cr)/V2ek

min

in place of ¢k

with a cg, larger than ck The simulation experiments of Guerre and Lavergne (2005) revealed that such a construction of

min"*

the critical region (2.6) gives a test which improves on its adaptive rate-optimal competitors.



Consider now the power issue. The data-driven choice (2.5) of K combines the detection properties of

each of the ﬁK’s. Indeed, since cx > ¢k, for any K in K7, we have

min

=~ 1/2
R+~ CRy = jmax {RK —cx =1 (2(ck — CKm;n))l/Q} +97 (2(cgy — CKuin)) /
T

S 5 _ _ ' 1/2}
> I?gCXT{RK ek — 7 (2(CK — CK i)

> Ri —cx — 7 (2(ck — cxon)) '’ (2.7)

This gives the power lower bound

R — k., ~
P (% > za> > P (RK —cx — 1 (2(cx — cKmin))l/2 — Za/2CK ., O) (2.8)
Kmin
_p (B ek | oy Tor 4w ek = ex)
Vg T 2CK

which holds in particular for an optimal K which balances the bias with the penalty term. Taking K = Knin

gives that

RFY—CK. RK.—CK.

P|——tmie >z, | >P | —Hme_fmin >, ) 2.9
( QCKmin =7 ) - ( \/QCKmin =7 ) ( )

As
seen from (2.4) and (2.8), consistency holds as soon as there is a degree K in K7 such that the mis-
specification measure Zthl 32(Xt)]1(Xt € A)/o%(X;) is asymptotically larger than the sum of |bias, (K)],

vyr\/2(ck — ck,,;,) and z,+/2ck,,, . Hence increasing too much 77 should give a less powerful test. The
form of the low penalty term in (2.5) is crucial to show adaptive rate-optimality, see Theorem 2. Theorem

a power bound which shows that the test (2.6) improves on the one using the single statistic Rxk

min *

3 shows that the test detects Pitman local alternatives with a rate arbitrarily close to the rate 7-1/2.

3 Main results

3.1 Main assumptions

Consider T observations (3, X;) with V; = u(Xy) + &4, Xy = (YVi,...,Yi—g, Z1)' € R?, and where pu(:) can
depend upon T, in which case (Y;, X;) forms a triangular array (Yir, Xir). Let X, and X; denote the
Borel field generated by Xi,e1,..., Xy, e and Xy, e, Xgq1, €441, . . . respectively. The a-mixing coefficients
of {X¢,et}iens are

a(n) = sup sup [P(ANB)—-P(A)P(B)| ,neN.
teN* AcX, ,BEX 1 4n

The next assumptions deal with the ;’s, the mixing coefficients and the parametric mean.



Assumption E Let F; be the Borel field generated by (X1,€0),...,(Xt,€t—1). The variables {et}ien are
martingale difference with Ele|F;] = 0, Ele7|F;] = 0*(X¢—1) and sup;ey E[ef | Fy] < oo a.s.. The standard

deviation function, o(-) = Var[e;|X; = -], is continuous and bounded away from 0 on R?.

Assumption X The process {X;,&:}ien- on R x R is stationary, with

i. a(n) < An='7 for some constant A,a > 0.

ii. The variable X; has a density f(-) with respect to the Lebesque measure on R?. The density f(-) is

bounded away from 0 and infinity.

Assumption M The parameter set © is a subset of RP and

i. The regression function m(x;0) is twice continuously differentiable with respect to 0. The gradient

m®) (x;0) and Hessian matriz m? (2;0) are bounded over A x ©.

i. For any sequence of regression functions ur(-) with Eu3.(X;) < oo, there exists a sequence of parameter

Or in © such that T1/2(§T —07) = Op(1), with 7 = 0 if ur(-) = m(-;0) for some 8 in ©.

Assumption E ensures that the sums ZtT:1 Vi (Xt)er/o?(X;) are martingales which are asymptotically normal
under Assumption X-(i). The polynomial mixing rate of X-(i) is a minimal rate to achieve T/?-consistency
in the weak Law of Large Numbers for the empirical mean T-!' 0} Q' ¥ . Under Assumption X-(ii), the
limit of T7'¥% Q7 "Wk has an inverse. Mixing conditions for Markovian (Y3, X;) as in Assumption X-(i)
can be derived using a drift condition, see Fan and Yao (2003, Theorem 2.4) and the references therein.
When f7 = argmingeg 25:1 (Y; — m(Xy;0))%, the sequence f7 in Assumption M-(ii) is the pseudo-true
value argmingece E (pur(X;) — m(Xr;6))?, which is uniquely defined under identification of the parametric
regression model, see Domowitz and White (1982). Assumption M-(i) then ensures that A(:) = pr(-) —
m(-;07) is close to A(-) = pr(-) —m(-;07) over A up to an Op(T /) term.

Let us now turn to the construction of the test. The first assumption specifies a set of admissible degrees

K1 in the spirit of the dyadic bandwidth set of Horowitz and Spokoiny (2001).

Assumption K Let a be as in Assumption X. Set Koy = 27 = O(T1/%) for some Cy in (0, %51:—3%)’

Kpin = 27min = 00 with K¢. = O(lnC2 T) for Co > 0, where Jmin < Jmax are integer numbers. The set of

min

admissible degrees KCr is dyadic, that is

Kr={K=27, 7= Juin, Jmin + 1, ..., Jmax } - (3.1)



Note that (3.1) and the polynomial divergence rate of K.y imply that CardKr is of exact order InT. Such
a restriction is helpful to show that K7 = Kpin asymptotically under the null, but also have some practical
justifications. Indeed, achieving a small P (I/(\'V # Kmin) is an important condition to get an accurate size.
Since Ry — E)Km;n —(cx — k) — 7 (2 (cK — cKmin))l/2 vanishes if and only if K = Kpn, (2.5) yields that

K" # K if and only if one of these penalized statistics is strictly positive for a K # K, or equivalently

Rk — RKmin - (CK - CKmin)

max > .
KR\ Kol (e — cxp )2
Hence N N
. Br — B — (ci — cx.
P (K7 # Kmin) —P max K = Ritmin — (K jf‘“‘") >qr | (3.2)
Kekr\{Kmink  (2(CK = CKpnia))

so that P (I/{'V # Kmin) increases with K7 and decreases with the penalty sequence yp. Therefore, using a
parsimonious r can improve the size accuracy of the test. On the other hand, a dyadic K7 as in Assumption

K contains sequences with any arbitrary order between In“2 T and T which is sufficient for adaptive rate-

optimality. The constant C; of Assumption K must be smaller than %51-:—3%

X-(i), a(n) = O(n='=%). This gives a Kmax of order T'/(*4) at best, while, in the i.i.d. set-up, Hong and

where a comes from Assumption

White (1995) allowed for a better order T"/(3% when using a single series statistic to base the test.
Let us now turn to variance estimation. The next condition allows to approximate T’l\Il}(ﬁ’llllK with

T710 Q71U for degrees K depending on the sample size T', as in Assumption K.

Assumption V Let Ky, = 27m = max{K; K € Kr}. Then, for the considered sequence of regression
models Y; = pp(Xy)+er, sup, ey |0(z)—0o(x)| = Op(vr) and, for some integer £ > d/2 and all ({1, ..., ;) with
0’5 (z) = Op(vr), where vy = o (K,;iﬁ/?/ In T) and lim infr_, oo T 20y > 0.

ot 11...8£dzd

b4 +lg =1, sup,cp

Assumption V requires consistency of &(-) under the null and the alternative. Convergence of o(-) with
the rate v requires that pur(-) and o(-) satisfies a minimal smoothness condition. As seen from Guerre
and Lavergne (2002), consistency is not necessary under the alternative but can be useful to get a powerful
test. Under homoskedasticity, a simple choice of &(-) is a constant difference-based estimator, in which
case Assumption V holds with a best possible vy = T-1/2 so that Kmax = 0 (Tl/(Sd) In?/(39) T). The
heteroskedastic case requires nonparametric variance estimation, as kernel, sieves, series expansion, see,
among others, Guerre and Lavergne (2002, 2005) and Horowitz and Spokoiny (2001). The rate vr is then

the consistency rate for the ¢-th partial derivatives, which restricts the divergence rate of Kax.

3.2 Asymptotic behavior under the null

As discussed following (3.2) and (2.8), a fast divergence rate for v is useful to achieve an accurate size under

the null but may negatively affect its power properties. Therefore, an important issue is to find a minimal



divergence rate for y7 ensuring that the test is asymptotically of level a, or equivalently that ]P’(IA(”Y # Kmin)

asymptotically vanishes under Hy. The Bonferroni inequality gives, in (3.2),

> Rk — Rk... — (ck — ck..
PR #Kuw) < 3 P ( t = W = (O~ Chos) w) , (33)
KeKr\{Kmin} (2(ck = CKpin))

and showing that the last sum asymptotically vanishes for small 7 necessitates precise uniform bounds for
these probabilities, so that simple Chebychev-type inequalities may not be sufficient. Better Gaussian-type
bounds in spirit of the Mill’s ratio inequality P(NV(0,1) > v) < exp(—v?/2)/(v/27y) are derived in Lemma
A.3 of Appendix A. Since the exact order of CardKr is InT', the next theorem ensures that the asymptotic

size of the test is a provided that the penalty sequence -y diverges faster than (Inln T)1/2.

Theorem 1 Consider that the null hypothesis Hy is true and assume that Assumptions E, K, M, V and X
hold. Then, if vpr diverges with

yr > (1 + €)y/2In CardKp, for some e >0, (3.4)
limp_ oo P (I/(\'V = Kmin) = 1 and the test (2.6) is asymptotically of level .

The minimal divergence rate (Inln T)l/2 ensuring that the test is asymptotically of level a is surprisingly
low compared to the penalty term of order In7T" used in the BIC criterion. Such improvement comes from

the Gaussian-type bounds used for the tails of the standardized EK — ﬁK ’s. Indeed, this gives, up to

remainder terms, a bound CardKr exp(—v2/2)/(v/27yr) in (3.3), which asymptotically vanishes provided
that (3.4) holds. On the other hand, such a low rate is in line with previous findings for rate-optimal adaptive
testing. Indeed, (3.2) shows that suitable y7 should resemble to the critical values of a maximum tests as
Fan (1996), who found critical values with a typical rate of (2Inln7)'/2. This suggests that our minimal
rate condition (3.4) cannot be improved.

Another condition for Theorem 1 to hold is that K;, diverges with the sample size, see Assumption
K. This is used to neglect the parametric estimation error T1/2(§T —#) in the Chi-square approximation of
the distribution of I?EKmin. Accounting for such an effect would allow to consider a fixed Kmin, see e.g. Hart

(1997, Section 8.3.1).

3.3 Detection of small alternatives

As discussed following Equation (2.8), the detection properties of the test depend upon a bias term from
(2.4). Establishing formal adaptive rate-optimality of the test necessitates to bound this bias. The current
mathematical approach to do so makes use of some smoothness restrictions. We consider here Holder

smoothness classes C(L, s) that we introduce now. Define the departure from the null as,

Apr() = p() =m(;0r)



with a 67 as in Assumption M. We restrict to departures A(-) with a restriction to A which admits a
(2)\)-periodic extension. Consider first the case s € (0, 1], for which
C(L,s) = {A() : sup [A(z) = Al < L} .
zareh |z —2'|*
For real s > 0, let |s] be the lower integer part of s, that is the unique integer number satisfying |s]| < s <
|s] +1, so that s — | s| is in (0,1] with s — |s] = s for s € (0,1]. For any s > 0, the smoothness class C(L, s)

is defined as
C(L,s) = {A(:) : the |s|th partial derivatives of A(:) are in C(L,s — [s]) } .

Hence the smoothness class C(L, s) is defined for all s > 0 and L > 0. Lemma 1 in the Proof Section gives,

for the bias term of (2.4), the following bound

T1/2K73E1/2 AM,T(Xt)]I(Xt € A) ? + TK72s
o(X¢) ’

|bias, (K)| < Op

for any A, 7() in C(L, s) and any K. This gives, for small alternatives which are the harder to detect,

Aur(X)I(X: e A .
o ) —0 (k) . (3.5)

Our minimax adaptive framework evaluates tests uniformly over alternatives at distance p from the null,

|bias, (K)| < Op (TK~2%) provided E'/? (

that is in

Hilpi L, 5) = {u(-) = n(0) + 8,700 s Bpr() € (L) B SLTEILREN ) p2} ,

with unknown smoothness index (L, s). Such alternatives allow for a general shape of A, 7(-) with narrow
peaks and valleys that may depend upon on T', see Horowitz and Spokoiny (2001). As pointed out in Guerre

and Lavergne (2005), uniform consistency over Hy(pr; L, s) is equivalent to consistency against any sequence

pr () =m(;0r) + Ar(-) , where Ap(-) = Apup 7(),
in Hy(pr; L, s) as considered here. A crucial issue is the choice of a suitable asymptotically vanishing rate p.
Indeed, some of the alternatives of Hy(pr; L, s) will not be detected by any tests if pr goes to 0 with a too
fast rate. On the other hand, detection can become straightforward if Hy (pr; L, s) remains far from the null.
Hence a good candidate pr to evaluate a test is a frontier rate which separates these two extreme situations.
In the adaptive approach, such a rate depends upon the unknown smoothness index s and Spokoiny (1996)
has shown that the optimal adaptive rate is®

pr = pr(s) = T

6Spokoiny (1996) studied the continuous time white noise model (CTWN) Y, (t) = m(t)dt + %dW(t), t € [0,1], where

_2s
(\/ln In T) T

{W(t)}te[o,1) is a standard Brownian motion. Although this model is mainly of theoretical interest, results established for the

CTWN model extend to more common models through model equivalence, see Brown and Low (1996).
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which is slower than the parametric rate 7—'/2

. Guerre and Lavergne (2002) derived an optimal rate for a
known smoothness index s which improves pr from the (Inln T)l/2 factor, so that the price to pay for rate
adaptation is moderate. As well-known, the rate pp decreases faster than the nonparametric estimation rate

T—5/(2s+d)  The adaptive rate-optimality of our test is stated in the next result.
Theorem 2 Consider a sequence of alternatives
ur(:) =m(;0r) + Ar(:) in Hi(Cs.pr; L, s) for some unknown s and L,

with s > d(2/Cy —1)/4, L > 0, C3 > 0 and sup, ¢, |A7(z)| = O [EV/? (AZ(X)I(X; € A)/0?(Xy))]. Assume
that Assumptions E, K, M, V hold. Then, if yr is of exact order (InlnT)'/? and provided Cj is taken large
enough, the test is consistent, that is limp_ oo P ((1?’ — CKin) [V 2CK o > za) =1.

The proof of Theorem 2 builds on the lower power bound (2.8) and on the bias variance decomposition (2.4).
In view of the bias order (3.5) for small alternatives, an optimal choice of K in (2.8) is such that the order

of the penalty term 7K %/? is proportional to TK~2¢, that is for

[ 2 ln(T/‘YT)] T ﬁ
K, = K,(s)=2l77 12 | (7—T) , (3.6)

where [-] is the integer part. Such K, detects alternatives within the bias order divided by the sample size,
K% o« (yp/T)?*/(4st4)  which coincides with the optimal adaptive order pr provided y7 has the smallest

/2 compatible with Theorem 1. Note that, under Assumption K, K, is in 7 provided

possible order (InlnT)"
s > d(2/Cy —1)/4, which implies that s > 7d/4.

Because adaptation means detection over various smoothness classes C(L, s), it is crucial that the test
combines various several statistics, as seen from the optimal K, in (3.6), which depends on the smoothing
index s. Therefore, tests that use a single statistic Rk generally fail to be rate-optimal adaptive. A more

specific property of the test (2.6) is detection of small local alternatives.
Theorem 3 Consider a sequence of local alternatives ur(-) satisfying
pr(Xt) = m(Xe; 01) + relor(Xy) with Aor(-) in C(L, s) for some unknown s,L > 0,

s>d2/Cy —1), and

Aor(X)I(X, € A))? B
E( s ) > 1, sup dar () = 0 (1)

Then, under Assumptions E, K, M, V and X, the test is consistent provided 1/r7 = o < T/Kd/2>.

Since Kmin can diverge very slowly, the rate rr can be arbitrarily close to the parametric detection rate
1/T'/?. This slightly improves on Horowitz and Spokoiny (2001) who achieved a rate (InlnT)%/2/T/2. A

11



key argument there is that the local alternatives of Theorem 3 are asymptotically very smooth, since the
departure from the null r7Agr(:) are in C(Lrr, s), with a Lipschitz constant Lrp which goes to 0. Hence
these alternatives differ from the general ones in Theorem 2, and are typically detected by trigonometric
series with low degree as K, so that (2.9) yields consistency of the test. On the other hand, using the

single statistic Rk.. would give a test that is not consistent against the alternatives of Theorem 2, so

min

that combining several statistics as in our procedure is crucial to achieve these opposite kinds of detection

properties.

4 Simulation experiments

In this section we study the size and the power properties of the proposed procedure when testing for a
null of linearity in the context of a Markov process of order 1. The resulting test is compared with the one

developed by Hamilton (2001) to detect nonlinearity. First, to examine the size properties, we use the AR(1)
Y = pYi_1 + €.

Three distributions are considered for the error term: standard normal, standardized student with five
degrees of freedom, and a centered and standardized exponential. To examine the sensitivity of the tests to
temporal dependence, we consider various values of the autoregressive parameter p, namely p = 0, .25, .50, .75.
To implement our test, we choose the interval (A in Section 2) for projecting the covariate Y;_; onto the
trigonometric expansion to be equal to 2 divided by standard error of Y; under the null. This corresponds
to approximately 95 % of the observations. The set Kr is equal to {1,2,4,8,16}. The asymptotic critical
value is given by v/2 % x.05(1) + 1, where x.05(1) is the critical value at 5 % of a Chi-square with one degree
of freedom. We study the small sample properties of the test for various values of the penalty parameter
yr. We fix y7 equal to cy/21n CardK1 where we set ¢ = 2,3,5. The parameters are estimated by OLS. The
sample size is set to 200 and the number of simulations is equal to 10,000.

The simulations results for the size are encouraging. For ¢ = 2 the test slightly overrejects in all cases.
However, for ¢ = 3,5, the size is accurate whatever the distribution, persistence and number of observations
considered. The LM test developed by Hamilton (2001) shares these good size properties.

To study the effect on power of the penalty sequence ~yr, two alternative specifications of the linear

autoregressive process are examined. The first specification is a threshold autoregressive model defined as:

i =p1Yeo1 Ly, 500 + p2Yi-1 Lyy, <oy + €

where ¢; is i.i.d. N(0,1).” This representation contains two regimes delimited by a threshold equal to zero.

"Results for the normal distribution are only reported here because the results for the two other distributions are very

similar. Of course, those results can be obtained upon request.
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When Y;_; is greater than zero, the dynamic dependence is controlled by the parameter p;. In the case
where it is inferior to zero, the dynamic depends on the parameter ps. Under the null of linearity p; = p».
The distance from the null is a function of the absolute value of the difference between p; and ps. To see

this, we can rewrite the threshold autoregressive model as follows:
Yi=p1Yeio1 + (p2 — p1)Yea ]I{sq_1<o} + €.
Thus, under the null, u(X;) = p1Y;—1 while the nonlinear alternative is
w(Xy) = p1Yi—1 + Y1 T (Y1 <0), where 6 = p2 — p1.

To examine the sensitivity of the tests to temporal dependence, we consider various types of dependence
for the process Y;. We run the following experiments: (1) p;1 = 0 and p» = .25,.50,.75, (2) p1 = .25 and
pa = .50,.75,—.50, (3) p1 = .50 and py = .25,0,—.25 and (4) p1 = .75 and ps = .50,.25,0. The values of
p2 under the alternative are chosen such that the parameter (§) which governs the distance from the null
is equal to .25,.50 and .75, respectively. Table 2 reports the power results. Our test is more powerful than
Hamilton’s for all cases. Our power gains increase with the degree of temporal dependence and the distance
of the alternative from the null. The difference in the rejection rate can be as high as 38%.

The second experiment corresponds to an alternative for which the data-driven optimal test is specially

designed. The alternative models have the following form:
Yi=pYi1+ gf(ytfl/"') + € (4.7)

where f(y/7) = (1/vV2m0?) x exp (—52x(y/7)?), 0 = 1/(1 — p?) and ¢ is iid. N(0,1). Figure 1 shows
the function f(-) for 7 = 1, .5 and .25, p = .5 and values of ¥; between —10 and 10. The function f(-) is
symmetric around zero and more concentrated for smaller values of 7. The function is bounded between
zero and one, with f(0) = 1 and lim,_,4. f(xz) = 0. We can easily show that the alternative (4.7) respects
the drift condition of Fan and Yao (2003, Theorem 2.4) for geometric ergodicity. This alternative is then
compatible with the assumptions assumed in this paper.

We examine the sensitivity of the tests to the narrowness of the peak and temporal dependence. We
consider the parameter values 7 = 25,.5,.75 and p = .25,.5,.75. Table 3 shows the results of the experiment.
For 7 = 1, Hamilton’s test is close to the nominal size. For 200 observations, our test rejects at a rate
of 16 % for p = .25 and 56 % for p = .75. For 7 = .5, our test also clearly dominates the test proposed
by Hamilton for all cases. For a narrow peak (7 = .25), the rejection rate of both tests is quite similar.
The better performance of the Hamilton test for this alternative, compared to the one with a wider peak is
probably due to the specification of the variance-covariance function of the random field underlying the test

statistic, see Hamilton (2001) for further details on the construction of this test.
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5 Concluding remarks

This paper proposes a new adaptive rate-optimal specification test for time series. As in the maximum
approach of Fan (1996) or Horowitz and Spokoiny (2001), the test combines several statistics to achieve
adaptive rate-optimality. More specifically, the test builds on series regression Chi-square statistics with
increasing orders. A data-driven selection procedure, in the spirit of Guerre and Lavergne (2005), uses a
penalty term proportional to the square-root of the number of Fourier coefficients to choose the test statistic.
Under the null, the retained statistic is, with high probability, a statistic with a distribution close to a Chi-
square. Therefore, standard Chi-square critical values can be used, allowing for a better control of the size of
the test. This contrasts with the maximum approach, where using a null limit distribution performs poorly as
noted in Fan (1996), or is out of reach, as in Horowitz and Spokoiny (2001). Hence, the maximum approach
necessitates the use of simulated critical values, limiting the scope of applications to time series models than
can be easily simulated. A simulation experiment confirms the good level properties of the proposed test,
which shows interesting power improvements compared to a simpler test using a single statistic as Hamilton
(2001). We also examine the power of the test which is adaptive rate-optimal and detects local alternatives
approaching the null at a faster rate than Horowitz and Spokoiny (2001). The simulation experiment shows
that the choice of the penalty term has a moderate impact on the power. This positively illustrates the
interest of our approach, which builds on the fact that the combination mechanism inherent to adaptive
testing can also be designed to achieve a level close to the nominal size.

While our results are stated for Fourier series methods, our approach applies as well to wavelets or
polynomial series regression. As noted in Guerre and Lavergne (2005), the series construction of the test
statistic can be easily modified to cope with additive alternatives which are not affected by the curse of
dimensionality. Obtaining an accurate size in case of kernel or local polynomial methods is theoretically
feasible. The scope of applications of the new data-driven selection procedure can also be extended as
discussed in Hart (1997) for earlier adaptive procedures or as in Tjgstheim (1994) and Fan and Yao (2003)

in the time series context, as well as to many other specification hypotheses of econometric interest.

6 Proofs of main results

The proofs are organized as follows. Important intermediate results and proofs of the main statements are given in
Section 6. Proofs of auxiliary results are gathered in Appendices A and B. We now introduce some notations and
conventions. All functions can be set to 0 outside A without loss of generality. We set ;') = ZtT:TH = 0. The
symbol ar < br means that the two sequences ar, br with same sign are such that clar| < |br| < Clar| for some
0<c<C<ooand T >1. Constants are denoted by the generic letter C' and vary from line to line.

For notation convenience, we re-index the trigonometric functions (2.1) as {¢x(-) }ren+ and set cx = k. We assume

14



that the new ordering is such that Wx = [¢1,...,%x], and uses the notation ¥, for Ux. Here ¢, k € N', is a
column vector with ¢ = [¢(X1),...,¢Yx(X7)] € RT. Therefore ¥, is a T x x matrix and & =< K% With little

abuse of notation, K7 denotes both the set of admissible K or k with k between kmin =< 27m2% and gmax =< 27maxd,

7 corresponds to K. The variance estimation rate in Assumption V is such that vy = o(kmak’/InT).
Let || - || be the Euclidean norm of R” or R*, that is if u = [u1,...,ux] € R, |ju]]| = (Zi_, u )1/ (u'u)'/?.

If m = [m(X1),...,m(Xr)]" where m(-) maps R? to R, ||m|| < T"'/?sup,cga|m(z)|. Under Assumption E, ||| =
Op(T'/?). For a k x k matrix & = [Sy¢]i<k.r<x, || is the spectral radius ||Z|| = sup,, zoer~ ||Zull/||ul|. Recall that
1Zul] < [|Z)|||ull, |uiSus| < |||l |||luz]|. It follows that the entries of Su are bounded by x'/2||S|| maxi<x<yx |us).
If ¥ is a symmetric matrix, ||Z|| = sup,=; [u'Zu] is the largest eigenvalue in absolute value of X. Since

Q- '?y, (\IJ;SAZ_I\IJ,Q) o ¥/ 0~ '/? is the orthogonal projection on the space spanned by the columns of O~ /?W,., we
have

WO, (qz;fz‘lq/u)_l o0 < Hﬁ‘”?uH and

~ -1 ~
—1/2y &(\I/;Q‘lq/,;) v <1,

In what follows, we bound variance of sums using the Wolkonski-Rozanov inequality (see Fan and Yao (2003),

Proposition 2.5-ii) which states that

|Cov (g1(X+), g2(Xe-n))| < da(n) sup |g1(z)| sup [g2(z)|

z€eRd z€eRd
for any real-valued bounded g¢:(-) and g2(-). This gives
1 1 8 >
- = —_ < = .
ar (T ;g(Xt)) T (Var (X1)) +2 Z " Cov(g(X1), g(Xn- ))) T S, lg(x ;::0 (6.1)

6.1 Estimation errors

We consider first the parametric and variance estimation errors, induced by 67 — 67 and 3(-) — o(-) respectively. For

Ar(-) = pr() — m(z;07), set U= Ar + ¢, and let Q'/? be the T x T diagonal matrix with entries o(X;). Set

where

o o T
~ ~ ~ ~ ~ -1 ~
M Z ‘) . so that TS, = ¥.0"10, and Rx = U'Q"1 0, (sz) 0.

Q)
V]
ﬂl

Proposition 1 Consider a departure from the null such that sup, ., |Ar(z)] = O []’El/2 (AT(Xt)/U'(Xt))Q]. Under
Assumptions E, M, V, X and if Kmin = 00, kmax = O(T'/?/In®T), we have

~ ~ —~ —1 —~ ~ ~ —1 ~
R — Q7 10, (T2,) ' 0.0 Le — 2070710, (sz) U0l - ArQ1, (sz) O Ar

»?el%}; K1/2
= O T g (ArX))*
K‘Iln/ii (Xt) .

Proof of Proposition 1: see Appendix A.
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6.2 Proof of Theorem 1

The next Proposition is the key tool to establish Theorem 1.

Proposition 2 Assume that Ho holds, that is Ar(-) = 0. Then under Assumptions E, K, M, V and X,

i. Let x(k) be a Chi-square variable with k degree of freedom. Then, for any k = k1 in Ko,

. (E'Q—lq:ﬁ (T8 W0k z) _p (m > z)‘ —o(1)

su
z€§ Vv 2K Vv 2K
and R
Rh‘, in — Kmin X(K/min) — Kmin )
sup|P| —=22—— >z | —-P|>——FZFt20"—>2 =o0(1).
ZEE ( V 2K/min - ) ( Vv 2Hzmin - ( )

it. Assume that (3.4) holds, i.e. that for some € >0, yr > (1 + €)v/2In CardKr. Then

P max R, — RN‘min - (K/ - Krmin)
k€T \{fmin} 2 (K — Kmin)

> 'yT> =o0(1).

Proof of Proposition 2: see Appendix A.

Proof of Theorem 1. (3.2) and Proposition 2-ii yield

~ ~ . EN — R,u; . (I‘.‘, - Hzmin)
P(R" # Rupyy ) SP(RY # Kmin) =P max = 2 =o(1).
( 7 m'") <SP # ) (I‘L€’CT\{I‘Lmin} 2 (K — Kmin) n IYT> @

Then the definition of z, in (2.6) and Proposition 2-i yield

j_%"/ — Kmin EN in — Fmin X (K/min) — Kmin )
Pl—————— >z, | =P | —22 —— > | 4+0o() =P | &—rrtte—rv——> 2, ] +0(1) = .0
( \Y4 2Hzmin - ) ( V 2K/min - ) ( ) ( \Y4 2Hzmin - ( )

6.3 Proof of Theorems 2 and 3

The next Lemma is crucial for the consistency properties of the test and is used for the item ﬁlK in (2.3).

Lemma 1 Consider a departure from the null such that sup,c, |Ar(z)] = O [IEI/2 (AT(Xt)/a(Xt))Q]. Assume
Assumptions E, V, X hold and that k = kr diverges with k = o(T*/?/In®T).

Then there ezists a constant Cs > 0, depending upon s, L and A, such that for any k € Kr, any A(:) from A to R
in C(L, s), we have

a1 Al -l Al 12 12 [o1ye (Ar(X)\ d
[A’TQ’ v, (\1;;9* \1;) 0 AT] >7'/? |EY <7> — Osk " (14 0p(1)) (6.3)
U'(Xt)
~ ~ -1 . 2
‘A'TQ”\IJH (\IJ;Q_I\IJN) VO e = 7208 |EV? (M> LR (6.4)
U(Xt)
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Proof of Lemma 1: see Appendix A.

Proof of Theorem 2. Let s < d(2/C: — 1) and L be some unknown smoothness indexes. Let K. be as in (3.6), so

that K. corresponds to a k. in the new indexation. Observe that this k. is such that

_2s s
Tk. © < Tps = (\/ln lnT) DT < yrkl? < yr 20k — Fmim) S (6.5)

since the exact order of 7 is Int/2

InT, s > 0 and Kmin is smaller than a power of InT.
Consider now a sequence of alternatives pr(-) in H1(Cs.pr) with Cspr > 2C5k7 %%, where Cj is from Lemma 1.
This gives that E/2 (A7 (X;)/o(X¢))? = Csk>*/* > LEY? (Ar(Xy)/o(X¢))? and that TE (Ar(X;)/o(X¢))? diverges.

Hence Lemma 1 gives

' -1  H-1 1o 5t 1 Ar(X)I(X: € A)?
e K e > — —_— Y ,
ALOT'D,, (\1/ v ) ¥ O 'Ar (4 +o]p(1)) TIE( 0%
ALO (\1/ O lw, )71\1/’. O le = Op |TV2E/? (AT(Xt)H(XteA)>2
* K * K U(Xt)

~

~ —1 ~
op(1)AROQ 1T, (\1/;*9*1\1/“) v O Az

Observe also that Proposition 2-(i) shows that

~

1&—1 rA-1 -1 1 1/2
eQ U, (\Il,i*(f \I/,i*) v, . Q e—kr = Op (n,,/ ) = op(1) (’yT 2(Kx — nmin))
~ ~ ~1 .
= op()ARO T, (\1:;*9*1%*) o0 Ay
Hence, (6.5), applying Proposition 1 for K7 = {k«} (so that Kmax = Kmin = k1) and substituting yield

RK/* — Kx — YT/ 2 (KT - K/min) — ZaV 2K/min
~ ~ -1 ~
= |:A/TQ_1\IJ,€* (\P;*Q_I\I/h*) ‘P;*Q_lAT — YTV 2 (K/T - Hmin):| (1 + O]P’(l))

1 (Ar(X)I(X: € A))° C3
> 7| Lp (ArXIXEMNT_ ozl q 4 op1)) > Tp2 (L - ) (1 4+ 0r(1)) B 400
4 o(Xy) 4
provided Cj is large enough. The lower power bound (2.8) then shows that Theorem 2 is proven. a

Proof of Theorem 3. Since the proof of Theorem 3 is similar to the proof of Theorem 2 up to the fact that

detection is achieved through Kmin, we just give the main steps. (2.7) yields that 1/%7 — Kmin > ﬁ — Kmin, SO that

Kmin

it is sufficient to show that ﬁ — Kmin — V/2Kmin diverges to +oo in probability. Building on Propositions 1, 2-(i)

Kmin

and Lemma 1 as for Theorem 2 now gives, since Kmin < K¢, — oo,

~ B ~ ~ -1 —~ .
R — kmin — V2Rmim > 12 Ap O 10, (q:;TQ*\I:ﬁT) Tl O Aor (1+ 0p(1)) — Op (n,ﬁ(j,)

Aor (X)I(X, € A s
> Try |E < oz ( U‘EX( )t S )> - C5/imh<d (1+o0r(1)) — Op (”Iln/li) =Tr; — Op (Ki/li) 5 o0
¢
provided Tr7. diverges with limr_, Ki;/ii (Tr%) = 0 as assumed in Theorem 3. O
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Appendix A: Proofs of Propositions 1, 2 and Lemma 1

A.1 Preliminary lemmas

We begin with the estimation errors f]k — X4, see (6.2), and preliminary bounds. Define
~ - Y (X)W, (Xt)} S Dr(X)the(X1)

)= V=T, (ISR | Emin S = B[ RO , Al

d)k( ) d)k( ) mln( ) min 0'2(Xt) 0'2(Xt) o bgen ( )

which are used to study the difference R, — fl,cmin in the proof of Proposition 2-ii. The next lemmas hold for

general orthonormal systems {4 (-)}xen+ of L?(A,dz) with sup,cy» Sup,ea [¢% (z)| < 0o. Recall that vr is such that

sup,¢p |0(2) — o(x)| = Op(vr) with vy = o(nggf/ln T), see Assumption V.

Lemma A.1 Let 5, Sx be as in (6.2), and {0k()Yk>nmns Sx as in (A.1). Then, under Assumptions E, V and X,
i. SUp, cy-Max (||Z,:1||, ||E,€||) < 00, SUPys, . SUP,ep [Yr(2)| < O’irln/ii and sup, . Mmax (||E;1||, ||Z,<;||) < oo.

1. If Kmax = 0 (Tl/Q), the matrices f],i, 1 < Kk < Kmax, have an inverse with a probability tending to 1 and

Ii2 1/2
<%) + HmaxUT:| = O]P’(l) .

iii. If Koo = 0 (T"/2), maX1 <0 max ([l IZ571]) = Or(1).

max max [[[Se = S, IS5 - £21)] = O

KEKT

Lemma A.2 Let mr(-) and pur()) from R to R be some functions with support A. Then, under Assumptions E, V,
X and if CardKr = O(InT), Kmax = o(TY/3/In?/3T)

~ ~ -1 ~ ~ . ~ .
max ,t1’7‘5171\11,<L (\I/’,QQ*l\I/,i) \Il:w.QflmT < HQfl/Z,uTH HQfl/ZmTH , (A.2)
KEKT
i
max = Card/?K7 0 (1) , (A.3)

KEKT VTk
~ ~ —1 ~
SOy, (\1:;9*1\1:”) OO e — QN (TR,) L 0L e

max

KEKT 1/2
K3 1/2
= Ca,I‘CUCTO]P (%) + H?n/anvT:| = O]p(l) s (A4)
~ ~ —1 ~
myp Q1w (\1:;9*1\1:”) T0 e
hry o o172
T1/2 . mr(Xt) 2
= Op |EV? [ 2222t inf - ) A5
17O (P | int suplonr (o) = )|+ v sup r(a) (4.5)

The functions mr(-) and pr(-) may depend upon (X1,€1),...,(Xr,er) in (A.2) but not in (A.5).

Proof of Lemmas A.1 and A.2: see Appendix B.
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The next lemma is used for Proposition 2. It is stated for general maps ¢ (-) from R? to R, k > 1. Consider the
row vector @, (X¢) = [¢1(Xt),. .., ¢x(Xt)] and the k x T matrix ®, = [®,(X1) ..., P,(X7)']". Define

V.—E PL(Xt)‘I’N(Xt)} .

a(Xt)

We assume

Assumption B The matrices V,. have an inverse with sup, x|V '|| < oo and the functions ¢i(-) are such that

max (SUP15k5~SUPmeRd |(Pk(l')‘, 1) = Poo < 0O0.

Define
Qr = Qur = T'SySr—w _ T M|Srl® — & .
’ V2K V2K

T
—1/3 i (Xt) €t
St = Ser =V, /2 :
T t:zl o(X1) o(Xy)
We now study the tail probability of Q.

o

Lemma A.3 Let Qr = Qur be as above. Then, under Assumptions E, X-i, B, and k = k7 = o(T

i. Let x(k) be a Chi-square variable with k degree of freedom. Then

P(QTZV)—P(%Z'O‘:O-

1. Consider € > 0. Then there exists a constant C¢, which does not depend upon k and v, such that for any v > €

lim sup
T— o0 ~ER

and K,

1 (’7—6)2> |:6 2y— 3 1ta 1
P > < ——exp | L2 ) +C. | k2T 2575a + —
(Qr >7) < T — o) p( 5 © =

Proof of Lemma A.3: see Appendix B.

A.2 Proof of Propositions 1 and 2

Proof of Proposition 1. For brevity of notations, the proof is made for p = dimé = 1. Define
e(8) = [e1(0),...,er ()] where ey = m(Xy; 07) — m(Xy; é\T) so that U = U +e(6) .
This gives
A1 1a—1 s\ lar ot
U.0'U + 24, + B, with A, =U'Q" ', (TEK) .0 e(8)
U T
and B, = e(8) 070, (sz) .0 e().

Under Assumption M, maxi<i<r |e:(8)] = Op(T~'/?) which gives [le()|| = Op(1) and max.ex, |Bx| = Op(1), so
—1/2

that maxi<,<nmee 5 /2| Bx| = Op(k;/?). Consider now A,. Under Assumption M, the Taylor formula gives

om(X;0r) 1/~ 2 9?m(Xy; 6;7)
a5 o) Pt

20 Or — O 926 so that e(6) = (§T - 9T) mi1 + % (é\T - 9T)2 ma ,

e(6) = (§T - 9T)
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with a 6;; between 67 and @7 and where m; and mo are R” columns vector with bounded entries given by the first

and second-order derivatives. Since U = Ar + ¢, this gives
_ 1 . _ A-1 s\ oot
Ae = At Ao+ 5 Ase with Av = ¢/(OQ7' 2, (sz) O Ay,
~ ~ ~ -1 ~ ~ 2 ~ ~ —1 ~
Asy = (9T - 9T) m,Q ', (Tzﬁ) VO e, As = (9T - aT) mhQ 1, (Tzﬁ) o0l
The Cauchy-Schwarz inequality gives |A1.| < ||e(8)||||Ar]|| with ||e(8)|] = Or(1), so that

Al _ o (1821 _ o (T2 gy (A (X0
SoRX L1 =Or 172 =0Or nl/QE o (X7) )

min min

since ||Ar||> = Op(T)E(A7 (X;)/o(X:))? by the Markov inequality and Assumption E. Since T/*(67 — 67) = Op(1)
and under Assumption M, applying (A.5) for As, and the Cauchy-Schwarz inequality for As. give

|Aos| —1/2
e an = o)

|As.| 1 —1/2
max 55 = O | Imalllel = 0e (")

Substituting in the expression of A, and 1/%” give

~ ~ ~ -1
R. - UG 1w, (sz) v.0-lU

b e = 11/_2 Or |14 TR <%>2] ' (26
But
Uolw, (Tiﬁ) ooy = J0'w, (Tiﬁ) Toal
1205071, (Tiﬁ) A e ARG e, (Tiﬁ) oAy
so that substituting (A.4) in the equation above and (A.6) give the desired result. m|

Proof of Proposition 2. Define
RY —k

R =070, (TS,) ' U, Q e and Q% = Q% =
(TZx) Qr = Qxr Ners

Under the null, Proposition 1 yields

~

R. — Kk

V2K

Hence Proposition 2-(i) follows from taking £ = kmin in Lemma A.3-(i) and (A.7). Consider now Proposition 2-(ii).
Let € be as in (3.4), so that y7 > v/21n CardKr + ¢ for T large enough. Therefore (A.7) yields that Proposition 2-(ii)

is a consequence of

‘RH ~R°
max ————— = op(1) or, equivalently, max
reKr  K/2 (1) or, eq ¥ wEKT

— Qi =ox(1). (A7)

0 _ po _ _ .
Ry = Rp, = (K = Kmin) > V21In CardKr +6) =o0(1). (A.8)

max
REKT\{Kmin} 2(K — Kmin
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To prove (A.8), we first rewrite RY — RY_ . as suitable quadratic form. For k,k > Kmin, let Yr(-) and £, be as in

(A.1), and consider the rows vectors U%  (X;) = [’Z»em;nﬂ(xt): . .,JH(Xt)],

Kmin

U, (X)) =[" (X:), ¥y

Kmin

(X)) = U,.(X;)Bx so that ¥, = .3, ,

Kmin

for some regular k x x matrix .. Elementary algebra gives

~ .o ~ ~ o0 | <
Rg _ T—lg/Q—llp,e min ‘P;Q—IE and Rgmin _ T—IEIQ—l\IJH min ‘P;Q—IE
0 D 0 0
Hence
~ oo - JO U
RC-RS = TlQY, { - } Vo le=T 0 oy S0 [0, ] 0t
0 =7

= V/2(k — Kmin)Qx + K — Kmin -

We now verify that the quadratic form Q. obeys the conditions of Lemma A.3. Lemma A.1-(i) yields that sup, sup, cga |1,Zk ()| <
Crk!/2 . so that Assumption B holds taking ga = O(kY2) = O(In“2¥/2T). Recall that K — Kmin < 274 — 2/mind 1y

min? min

the definition (3.1) of 7. Hence Lemma A.3-(ii) yields, for (A.8),

]P’( max Qx> v/21nCardKr + e) < Y P (Q} > /21In CardKr + e)

KEKT\{Kmin?} KEKT\{Kmin}

. 3 14a —1/c
0P Y (k)T P 4O ST (k= )

KEKT\{kmin} REKT\{Kmin}

exp (—In CardKr)
2mv/21n CardKCr

< CardKr

+oo
= o(1) + Op% CardKr ke T~ 25585 4 2~ Wmin/2§™9=30/2 — o(1) .0
j=1

A.3 Proof of Lemma 1

In this proof, we apply lemmas A.1 and A.2 for K7 = {«}, which is such that £ = kmin = Kmax = o(T"/%/InT).
The Jackson Theorem (see Timan (1994), eq. (8) p. 278) yields that there is a trigonometric polynomial function
I(-) = Ay« (-) with degree < k'/¢ such that

I(z) = iﬁkwk(m)ﬂ(m € A) such that sup |Ar(z) — I(z)| < O™/ . (A.9)
=1 zEA

Since (-) is bounded away from 0 over A in probability, (A.9) implies that

My =or ()

max
1<t<T

~ ~

Note that ‘m'ﬁ_l\IlH (\11;9—1\1:&) \IJ;Q—lm‘ < |ml| < T"/?sup,cga|m(z)|. Let Il = [[(X1),...,TI(Xr)]', which
is such that II'Q ', (\Iljwﬁ*l\llh.) O M =0 = HQ*INH

‘ since O~ 1/211 is in the space spanned by the

1/2

columns of Q~'/2W,.. Hence the triangular inequality and (A.9) give

1/2

~ . -1 1/2 N N -1
[A’TQ_I\PK(\P;Q”\IJH) \IJ;Q_IAT} > [H’Q_l\IJH(\I/;Q_l\I/H) \I/;Q_lﬂ}
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=N =N 1 =N 1/2
_ {(n — A7) 07w, (\I/;Q—m) w0 (1T - AT)}
H§71/2HH _ T2 sl

In the expression (A.9) of TI(-), write 8 = [B1,. .., Bx]’, so that the definitions of S, 5, in (6.2) and Lemma A.1-(ii)

give
N T 9 1/2 R \ 1/2
HQ*1/2HH = (il ;E;ﬁ;) = (Tﬁ'2~5)1/2 =T (ﬂszg)w (1 + Op <%> + Kvr )
1/2p1/2 ((I(XE) ’ 1/2 [ 1/2 <AT(Xt)>2 o —s/d
TR (U'(Xt)> ror@)=TESmy ) —9 ]

Substituting shows that (6.3) is proven. (6.4) follows from (A.5) and Assumption V, which gives

e (Ar(XD)\?
_ ml/2 1/2 T\At s/d|
T/°0Op -]E < o (X0) ) + K ] .

‘A’Tﬁ*\pﬁ (\1:;?2*1\1:”) ot

Appendix B: Proof of Lemmas A.1-A.3

B.1 Proof of Lemma A.1

We begin with Lemma A.1-(i), sup, . max ([|[S;']],[|Zx]]) < co. Since w'Swu =E (}F_, ukd)k(Xt)/a(Xt))Q, 12l

is the largest eigenvalue of the symmetric ¥, and ||X5 || is the inverse of the smallest eigenvalue of ¥,. Hence

i (Xy) 1 V(X 2
12l = S“P1E<Z“ )) R T i (Z ) ’

llu

Since f(-) and o(-) are bounded away from 0 and infinity over A by Assumptions E and X-ii, and because {¢(-) }ren+

is an orthonormal system of L*(A,dz), we have uniformly in &

S 0 (s ' 1) e
E(;M ak(Xt)> _A(;Ukwk(m)> o dm,\/ (Z“kd’k ) dz = ||u

This gives sup, cy-max (||[S;'],[|Z«]]) < oo, and we now prove that sup,cy.max (||§];1||,||§]ﬁ||) < oo. Let
UR i (Xt) = [Yin+1(Xe), ..., s (X¢)] and note that

e bS] e (M (S

It then follows that S, =< [Eyi (Xe)1he(X:)/0?(Xy)],

ki< where A < B means that A — B is a symmet-

ric non negative matrix. This gives that ||S.| < ||Zﬁ|| since the upper bound is a diagonal block submatrix

of ¥,. Observe that f];l is also a diagonal block of X! by the partitioned inverse formula, so that ||§];1|| <
|I=:"]l. This gives sup,y. max (||§];1||,||§],€||) < oco. To show that supys, . Sup,ca r(z)| < oo, note that
Ty (OS2 Bl (Xe) W (Xi)/0?(X¢)]is the Ly (A, f(z)dz /o’ (z))-orthogonal projection of 1 (-) on 91 (-), . .., Y, ()
The Pythagore inequality gives, uniformly in k > 1,

(a2 ) e g <o
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Therefore, the Cauchy-Schwartz inequality gives for all z and k > 1,

- _ ~ X)¥. (X
B < supsup 0n )]+ sup IS, (0 |72/ [P SO
K>1z€EA z€EA o?(Xy)

- X)W (X)) ot o [Un(X0)T, L (X0)
< » 1(2 1/_2 E wk( t min nol min
= C + CH Kmin ||K’m1n X UQ(Xt) Kmin UQ(Xt)
< CrimBUR (X)) = Onyliy

Consider now Lemma A.1-(ii,iii). Define
s _& Ue(XYe(X) _ =
Yo =5:(Q) = | —55——" =21
© [ o*(X) 1<k, (<K

Assumptions E, X-i and (6.1) give

Vi (Xe)he (Xe)
o?(X)

and then, by the Cauchy-Schwartz inequality

_ _ C
EX g, :]E{ ] = Sk, Var (Tie) < TZa(n) ,

E max |- < E|T

1<r<Amax llull=1

Kmax Kmax

2
< s 35 ST RS-z i = 0 (S (B.1)

[lu]l=1 k=1 (=1

SN

— 2 1/2
K .
and then maxi<x<pmay |2x — Sk || = Op ( “}‘“‘) , and we now bound maxi << wmax . We have, uniformly

in k < Kmax,

u' Wl (Q‘l — Q_l) U,.u
= sup = Ssup
llull=1 T llul=1

1z ’ 1 1
iy (Zumm)) (m - m)‘

~ R
0r (s 300) = (X)) 73 3 wH(X) = On ()

IN

Since Kmax X K&, Assumption V and k2., /T = o(1) yield

1‘62 1/2
<mT‘“> + nmaxv:r] =op(1).

Therefore the smallest eigenvalue of f],i is bounded away from 0 and these matrices have an inverse for 1 < £ < Kmax

max |8k — Z,| = Os

1<SK<Kmax

with a probability tending to 1. The order of maxi<yx<xmax f],;l -x. ! ‘ comes from the series expansion
o-1 -1 -1 S 1\t = -1 /(& -1\"
Hzﬁ 2 = = (Idu+(2,€—2,¢) o5 ) —1d [ = 3= ((E&—ZH) o5 )
n=1
[e'e} =N n n+1
< HZK — Y <sup y! ) ,
> sup 157
which ends the proof of Lemma A.1-(i,iii) since sup,, [|Z;*| < oc. d
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B.2 Proof of Lemma A.2

Let us recall some results from empirical process useful to establish some preliminary bounds. Consider the class of
functions Gr from A to R with

d'g(x)

P\ otz .. 9laz, < Mr foralld-uplewith£1+...+gd:e} 7

61 = {40) - suplga) — (o) < M
zEA
with £ as in Assumption V. Under Assumption V, there is a M7 < vy such that

hmlan( ()EQT)Zl—e, for any e.

T—o0

Then, to establish Lemma A.2, we can view 6~ 2(-) as a member of a Gr. Consider now a sequence of functions from

A to R and define the empirical process Z%(-) = {Z%(g),g € Gr} as

Tl/ Z mr (Xe)yr(Xe)g(Xe) — E[mr (Xe)vn(X1)g(Xe)]) or Z7(g) T1/2 Zm:r (Xe)¥r(Xe)g(Xi)er

Modifications of bounds (8.3), (8.7) and (8.9) in Rio (2000) to account for multiplication by mr(-) and ¢ (-) with
sup, ¢ |k (x)| = 1 shows that

2 - .
sw ((sup [75(0) - Zho7)[") <O0R)sup lmr (o) (8.2)
k>1 9geEGT TEA
Define
en(c) = U ( ) , en(m) = U, (ﬁ_l—ﬂ_l) mr , ex(£) =57 =7t

so that ¥/ Q7 'e = W .Q e + ex(e), ¥.Q 'mr = U.Q 'mr + e.(mr) and S5 = £7' + ex(X). The Chebychev
inequality, (B.2) and Lemma A.1-ii give

2
llex (N _ 1¢ 52 o2
reky Tk ks Z Tl/2 Zw’“ (X)) (677 (Xe) =07 (X)) e

Z Z Oeer (Tlﬂzd)k (Xe) (9(Xe) = UQ(Xt))6t> = Or (v7CardKr) (B.3)

KEKT

K

max lex(m)I” _ Og(1) max ! Z o()edr ( ZmT (Xo)voe(Xe) (9(X0) _UZ(Xt))>

weKr T2k wEKT K £
T 2 k k(o —24)2
_ (Zn(g)_'Zn(U n
n Zgnelgi [( D_E [mr(Xoyu(Xe) (9(X0) - 0 Q(Xt))]) " T1/2
KEKT t=1
= Orp (UTCardICT) sup |mr(z)? (B.4)
TEA
max |lex(2)|| = Op @ v + KmaxvT | - (B.5)
KEKT ® T ax

Observe also that the martingale structure of the €;’s, Assumption E and (6.1) yield that

2
”‘IJ'”‘Q_I‘EH2 1 ¢ !/)k Xt St
w5 2 7R 2B Z ) ) < CCudkr,

KEKT

E
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IA

1 & T (X k(X))
2 S S

KEKT k=1

oy 22 2o

IA

CCardKr sup |mr(z)
zEA

It follows that

7,07 . Q 'mr —E[2,.Q7"
g L2l = 0n (card )y B2 2L (Cont ) g st 0

N ~ I
Note that (A.2) is due to Cauchy-Schwarz inequality and HQfl/Q\II,i (\I/’NQ*l\I/,i) UL.Q Y2 = 1. (A.3) follows

from (B.3) and (B.6). We now prove (A.4). We have

(£ + el (e)) (Z7! +en(D)) (PLQ e + ex(e))
T
QNS Q7 e 207N, S e (6) + /0T e, (2)TLQ e
+
T T
26" W e (D)ew(e) + ek ()85 ten(e) + el (€)en(D)ex (¢)
T .

15—1 1 -1 “l oA
S07'w, (\IJKQ_ \I/H) 70 =

—+

By (B.3), (B.5), (B.6) and Lemma A.1-(i), Assumption V, kmax = o(T*/?/In*?T) and CardKr = O(InT'), we have

Q7 Ve, (D)0 e €Q7 Wpe, (D)T.Q7 e lew (S)| || @10 e
max

| 2

1/2
S K/m/ax max

1/2
S K/m/ax max
K

KEKT Tkl/2 KEKT Tk ekr Tk
o' &'2_15”2
< 1/2 ”"7 (x
S Fmax mAX T X max llex ()l

= O]P: T

K3 1/2
<Lﬁx> + Hi{fva} CardKr = op(1) ,

6’Q_I\IJ~Z_16~(E)| 1 ||5/Q_1‘I"|| llex ()l

K _ /2 K K

rexr e = Orlo) max 7= x max =
=  Op (kmaxvrCardKr) ,

the other remainder terms being negligible. This gives (A.3).
We now turn to (A.5). Let m.(:) = 7. 7(-) be a trigonometric polynomial function of II. with sup,c, |mr(z) —
e (2)] < 2infr (e, sup, ey [mr(x) — 7(x)|. Since 6271/27r,€min is a linear combination of the columns of Q~'/2¥,, for

~ ~ -1 ~ ~
all &> K, it follows that w00, (U,0710,)  WQ 'e=mn O 'c This gives

~

~ ~ -1 ~ —~ —~ 1 —~
mp Q' W, (\IJ;Q”\I/H) VO = al O7led (mr — ) O, (TZH) v.0'e (B.)

with

A le= R [(mT - 7r"hnin),Q_l‘IlN

~ —1
(mr — e, ) Q10 (TZK) MK = ] 00 e

+E [(mT Trnin) ‘I’m} (Srwo - srtwe ).

—_— . . IA—I o —_— . . ! _1 o e o~
+ (“”T Timin) S ¥ _ [(mT M) 2 ‘I’D SO e (B.8)
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Consider first the leading term w;minﬁ_le of (B.7). Because sup, . SUD,¢p [Mrpn, (7)] < oo and taking ¢1(-) = 1
gives, in (B.2),

Thso (71 =07 ) 2| = 00 (T20r) sup s, (2)| = Op (T'/0r) (sup ()| + sup [m (x) - mmin(mn) :
TEA zEA

zEA

The definition of m._, (-) yields, under Assumption E,

2
, 1472 ’ _1 Tk -(Xt) ? 1/2 ( Tk ’(Xt) ’
) - ) o) = ZEmin\ ) <T|E ZEmin\ ) — T .
E (Wi '6)” = B (1 7 o) m< 5 ) < S ) sup () = T (2]

This gives, for the leading term of (B.7),

’ o—1 1/2 2
”NminQ €l _ T 1/2 mT(Xt)
max YE =7 Or |E (X)) + (1 +vr) . )é%fnmm :gjp\ |m7(z) — w(z)| + vr :lég |mr(z)|| .

For the first item of (B.8), note that Assumption E gives that Var(¥,,Q 'e) = TS, = E [¥,Q ¥, ], see (6.2). Since

orthogonal projection decreases the mean squared norm, this gives, for the first term in (B.8),

_ P y—1 2
]E(]E[(mT ““'“T‘") L ql”}zzl\ym‘la)

-1

= 1E[0nr - men) 0] [E (W00, T E[WLQ7 (mr — )]

T
1 L1 M1 (Xt) = Trpin (Xe) )
< = — T —re )] = min < — T ,
< Rl = e 07 (mr = )] = B (2L < Csup () = 7 o)
so that
max L ——E[(mr -7 yQ lw ]271\11' Q! inf  sup|mr(z) — n(z)|O M
rekr | TKI/Z T Momin e T SO s S i v '

For the second term in (B.8), observe that,

<C

(mr — ”Nmin) Q ',
d

g [N = Ty, ) 07 )
T1/2

Q]E [(mT _ ﬂ'f‘émin)/ Q_I‘I’n‘] []E (\P;Q_I‘PN)]_l E [‘P;Q_l (mT o Wmm;n)] < CE <mT(Xt) — Tkomin (Xt))

T o(Xt)
< Csup|mr(z) — T, (z)|, and them
zEA
‘ [ — Mrmin) Q’l‘hmin} (Erwa —srwa)e
CSUPxeA|mT($)_7"~min(l‘)‘ S-1 -1 o1 S-1
< gk (S5 == weee] + | | ewt)] -

Therefore Lemma A.1, (B.3) and (B.6) yield

(mT - 7ri‘émin)’ Qv
T

“m‘"] (Srhwa —srtee) e

T max VT

max —-—=
KEKT K1/2

= inf  sup |mr(z) — n(z)|Op Card'/?Kr .

(- )Enxmm z€EA
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For the last item of (B.8), (B.3), (B.4) and (B.6), Lemma A.1, give that

B JAa _ =1 N .
((mT 7Tanm)Q \Ilﬁ_E[(mT mme)Q \IINDEJ\I,,HQ%

= inf  sup [mr(z) — (%) |KntaxOp (UTCard1/2/CT) X VT KmaxOp [(1 + vT)Card1/2/CT]

w(: )€Hnmm z€EA

— 1/2
= . )é%fnmm ilelg\mT(m) w(z)|T"' " Op (nmavaCardlCT) .

Substituting in (B.8) and (B.7) yields

~ ~ -1 ~
my0- 1w, (\11;9—1\1:&) o0 le

max

rEKT K1/2
T/2 X))\ 2
= —750r E'/? (m> + (1 +wvr) inf  sup|mr(z)—w(z)| + vr sup |mr(z)|
m/in U(Xt) m()EMk, in z€A TEA

+ inf  sup|mr(z) — 7(x)|Op
m()€ln,,, zeA

2 1/2
(H;i{? + <%) + nmava> Card"*Kr + Tl/Qﬁrlr{fvaCardlCT}

T'/? 1o (mr(Xe))®
= Op |EV/? [ A2 f .a
17 Or (5007) * it s imete) —x(@)|+vr sup ima)

B.3 Proof of Lemma A.3

Abbreviate V7 '/2®/ (X,)e; into 1;. Consider a sequence {Nt}ten of iid N(0, Id, ) variables independent of {&;}+en and
{X¢}ten, where Id, is the identity matrix of dimension k x . Let Z(-) be a three time differentiable real function.
Define ST, | = St Qr = (T7"ST||> — 0%k)/V/2k. The proof of Lemma A.3 is divided in three steps. The
main step aims to establish that for C(Z) = max (1, sup, g |Z'(2)],sup,cg |Z"(2)|) and some C > 0 independent of &
and T,

E[Z(@Qn]-E[T(Qr)] <C.o@mpln’T Foii, (B.9)
Step 1. Proof of (B.9). We build on arguments used in the proof of the Lindeberg Central Limit Theorem as given in
Billingsley (1968, Theorem 7.2), see Horowitz and Spokoiny (2001, Lemma 10) for a similar approach in the context
of adaptive testing. It consists into successive changes of the 7; into their Gaussian counterparts 7, as seen from
(B.10) below. However, a important difference is due to the use of nonparametric series methods and dependence.
Define

T~'Syr(n)Ser(n) —
V2K

Ser(n) = Si1 + 1+ 551, Qur(n) = & Jer(n) = T(Qur(n)) for n € R”.

This gives

EZ Q) -E[Z(Qr)]| = IEWrr(m)] - Ein ()] Z_j [Fer (n)] = E[Fer ()

(A

Z [(Ter(ne)] — E[Ter ()] - (B.10)
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Define, for z € R and € R*, Jir(2;9) = Jir(zn). A third-order Taylor expansion of Jir(z;n) with integral
remainder yields

dTer(0ime) | 1 dPTer(0ime) | 1 (1= 2)° d®Ter(z;m0)
Fer(m) = Fer(0) = =20 22 4 5 == == +/o 2 pranl

with

Lhr0n) — 2 pSir (0)T' (Qer(0))

2 .

IO = 2|l IPZ (Qr(0)) + 7k (1, Ser (0))° I (Qur (0)) (B.11)
3 .

LI Cined = 10|\ |29; Syr (200" (Qur(2n0)) + 7557 (S (z0))> T (Qur (zr))

Let F; be the sigma-field generated by ...,m—2,M—1,7t41,7t42,... and note that S;r(0) and Qur(0) are Fi-

measurable. Since 1; and 7; are centered given F;, we have

E djtT(O;nt) _ djtT(OQﬁt)
dz dz

| =& | 72807 @uo)E [ - )

and substituting the Taylor expansion in (B.10) yields

ﬁtﬂzo,

‘]E[I(QT)] -E [I (QT)H < %; E [dQ‘Z;Z(f;"t) - det;(S”mH (B.12)
+%;/01(1 -z)° HEdgjt;g(j"t) + ‘Edm;s(jﬁt) }dz, (B.13)

and we now bound each of these two sums.
We begin by establishing a preliminary inequality. Let n; and ns be two positive real numbers with 2 < n; +ny > 8.
Then for any ¢, ¢’ and z € [0, 1],

nitng ng

max (Bl Ser (zn0) I 1 1", Bll Ser (2776) [ |70 1) < OB ™™k 2 T2 (B.14)

We give a proof for E||Sir (zn:)||™! [|n]|"?, the other bound being similarly established. The Hdlder inequality implies
that

n

1 n2
E||Ser (2n) " e[| < E71#72 || Ser () | T E 7172 ||| 2

ni+ng
2

IA

ny ~, ni1+ng /2 me a—2— - P 2
Emitm (I1Se+ zmill +185a0) " x [ Vi /2R [Z wi(Xkaf]
k=1

n

. N e
< gt (BR84S e ) (Vi 2 e PR (e )

ny
Because 7; is a N(0,0%Idy), it is easily seen that E7it72 ||SF, ||™*"2 < Co™*"2(kT)"1/? and we now bound

Ei s IS: + zn:||"*T™2. We have, by convexity, the Burkholder inequality (see Chow and Teicher, 1988, p. 396,

noticing that 3'Z ] ¢r(Xi)e: + z¢i(Xt)ee is a sum of difference of martingale), and the Minkowski inequality.
nitng
s /2y, PLAn2 [1 ko ft-1 2'| 5
EllS: + zn:|[™ < vl k2 E [;; (; er(Xi)ei +Z<Pk(Xt)6t) J
ny4ng] M1HN2
<

K
[V 2 R 1 S | e
k=1

t—1
Z er(Xi)ei + 2ok (Xi)er
i=1
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- nytng
2

nqi+no
mitna
< ||V 1/2||n1+n2 flCZ ]En1+n2 (Z@i 5 —}—z SOk(Xt) )
. ) . "1;"2
+n P nitny
< C||VN—1/2||n1-+—n2Ii 1tn2 g Z]E"lJr"Q ‘Sﬁi(Xz)sz 2
k=1 Li=1
—1/2)|n1+n2 21dn2  p4ng ni+no
< vl (T) 7= pos " Elet| :

This gives E7iTm 1S: + zne||"1 T2 < C(T)™1/24™ and then (B.14).
We now return to (B.13). The expression (B.11) of the third derivative of Jyr(z;m:) and (B.14) yield

i/lh —2)? H]Ed?’jt;(;;m) ]dz
Z / { ZE e S Gl + 1 S () 1]

8 - -
+ 7 a7z E Ll 1Ser (zn)l® + 1l Ser (277)°] } dz

d* Jor (23 71t)
d3z

+|E

3\ 1/2
< 0.9%.0(T) (;«".T‘l/2 + H3/2.T_1/2) < 0.%.0(7) (%) . (B.15)

To study (B.12), let ®,(X,) = Vi /2@ (X)) = [¢1(X0), ..., 3x(X))], Sir = Sir(0) = [Sur,. .., Sur], Qir =
Q+7(0). The definitions of 7, 7; and F: shows that B[Nkt net —ﬁktﬁMft] = @r(Xe)pe(Xe)—1(k =€) = @r(Xe)Pe(Xe)—
E[@r (X¢)@e(X¢)]. Therefore since Qir and ¢r are j—v} measurable, conditioning with respect to j-:t yields, using the

expression of the second order derivative of J;7(0;7:) given in (B.11)

E

PTir(0n) P Ter(057)]
d?z d?z a

T/ 2 Bl (X0 — B (60) 7' (@)

% Z E [(pr(Xe)@e(Xe) — Blgr (Xe)@e(Xe)]) SkerSeerZ” (Qer)]
1<k d<k

—+

2
= T\/ﬂZCOV 7' (Qer))

4
+ Z Cov (@r(Xe)@e(Xt), SkerSurI” (Qur)) -
1<k t<k

Let n be an integer and define

TS| - 2807 (St — St—n1) + ||Se = St—n_1]?
V2K T2k

The variable QtT and S'tT depend upon 7¢41,...,n7 and N1,...,Ni—n—1, which are n + 1 time periods far from the

@i (Xt)’s. Since sup,cga |Gk (T)] < sup,cga || Bx ()] < Vi 2|l goe v/, the Wolkonski-Rozanov inequality yields

2
. ~ " K
St = St—n-1+ StTH , Qi = = QT —

‘fj Cov (22X, 7' (Qir))| < 4C@IV I hemaln) | (B.16)
k=1
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Z Cov [tpk(Xt)w(Xt) Seir SurT! (QtT)] < 8CD|V.im P p2 ke (n) Z E%\gktTguT\4
1<k t<x 1<k t<x

— 1 - 1
< 8OV VPP phera® (n) D" ES|Sker|*EF[Seer|*
1<k <k

< CO@|Vi PN ek’ Ta™  (n) (B.17)

by first integrating out with respect to the 7¢+1, ... 77, which are independent from the 7:’s, and using (B.14). Note
that Epy (X0)' < [|[Vi %I 2o nBpi (X0) = Vi /2 Ppdon and Var'/? (B} (X0) @k (X)) < (BAL(X0ERL (X)) <
||V,;1/2||n,0Oo /. This together with the definition of Q.1 and (B.14) gives

Z Cov [ 7' (Qir) - T’ (QtT)]

72 o 2
< T—\/ﬂ ZE [|¢k(Xt) —1] (2||StT||||St—1 = St—n—1|l +||Si=1 — St—n-1]| )]
< ZE” G2(Xe) =1 (B4 1Ser |l x B/ [1Se-1 = Secna |l + B2 ISt21 = Stmnoa )
C(I) 1/2 2 _ 3 2 \/TTL+Tl
< Tvor (Ii X pook /7 X (chOVHTnpoo\/Fm—}— (poolin)) =C0.C().p5ik 7
Cov [e(X0)@e(X0), SerSer (T (Qir) = 7' (@ur))]
1<k t<k
C(I) (r1/s,& y18ml/8 8 | ml/4 8
< g (B 18 1B /% 1St = Stcneall* + B/ Sims = Secn-ill*)
x o Var'? (g (X))@l (X0)) B® ShrEYE Sk
1<k (<n
< @ o2 (\/Tn + n) X K2 poo /e T = C.C(T).00 k> (\/Tn + n)
— T\/E 00 o0 o0 b
Cov [@k(Xt)@(Xt), (Su:r - gm) (SktT - gktT) 7 (QtT)]
1<k, <k
N RN
< Z Var'/? (g3 (X0) @7 (X0)) EV* (SltT - Su:r) EV! (SktT - Ssz)
1<k, (<r
< CC@).gsr™?n,
Cov [@k(Xt)@(Xt), Sper (SZtT — s'uT) 7' (QtT)]
1<k (<K
v o 4
< @ Var'/? (77 (X)) @7 (X)) EY* Sppr B (sm — Su:r)
gk i<k
< C.O@).%K*VnT .

Therefore, (B.16), (B.17) and these inequalities give

Z Cov ( (QtT))‘
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i)

< COT) ¢k (ax(n) + K

ST Cov (er(X)@e(X2), SkerSurT" (Quir))

1<k, 0<k
< Z Cov [cﬁk(Xt)sZ?z(Xt), SpirSerT” (QtT)] ‘
1<k, (<k
+ Cov [@k(Xt)tﬁz(Xt), SkerSerr (IH (Qer) — T (QtT))]
1<k, (<n
+2 Cov [tﬁk(Xt)tﬁz(Xt), Sker (SltT - S'u:r) 7 (QtT)]
1<k, (<x
+ Cov [@k(xt)@(xt), (SltT - S'uT) (Ssz — §ktT) 7' (QtT)] ‘

1<

=

A<k

< 0.CT).¢5k? (To&/‘l(n) +vVnT + n) .

Summing over ¢ gives in (B.12)

>

E |:d2jtT(0;nt) _ d2g7tT(0§’fﬁ):| ‘

=1 d*z 42z
< 0O [\/EC‘X(") + 173l (n) + (52 + 1?) @}
< CODPLR <a§g4(n> N @)
< C.C(T). ok’ (n—%<1+a>+@) 7 )

under Assumption M-i. An optimal choice of the order of n in (B.18) is T2/©+3%) which gives the upper bound
C.C(T).¢3 k*T~ % 5%55 . Therefore (B.18) and (B.12), (B.15) and (B.13) yields that (B.9) is proven.

Step 2. Proof of Lemma A.3-i. Choose now a three time continuously differentiable Z.(z) with Z.(z) = 0 if z < —e¢,
Z.(z) = 11if z > 0. This gives, for any v € R,

and then, by (B.9),

P(Qr>7) < EL(Qr—7) <EL(Qr — ) + Ceplor®T~ E 545 (B.20)
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< P(Qrzv-€)+o1),
P(Qr>7) > EL(Qr—7—¢) >EL(Qr —v —¢) +o(1)
> P(Qr>v+e)+o(1),

Note that Q7 is a (x(k) — k)/v/2r which has a continuous density and converges in distribution to a standard normal

if k goes to infinity. Therefore taking e small enough gives Lemma A .3-i.

Step 3. Proof of Lemma A.3-ii. The proof is done by bounding EZ. (QT — ) in (B.20). Observe that Qr has the

same distribution as
K

1 Cr —

=1

where the (;’s are iid N(0, 1) random variables. As established in the proof of Theorem 7.2 of Billingsley (1968) and
changing the (¢ — 1)/+/2 into standard N(0, 1) variables, there is a constant C. with

C

BT (Qr ) — EL.(N(0,1) = )| <

s

Then (B.19) and (B.20) show P(Qr > ) < P(N(0,1) > vy —¢€) + C- [K2T_%51:—3aa + ﬁ] Applying the Mill’s ratio
inequality (see Shorack and Wellner (1986), p.850) to P(N(0,1) > v — €) shows that Lemma A.3-ii is proven. ad
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Table 1: Size properties ( 5 %) of our and Hamilton tests (LM)
(200 observations)

c LM

distribution  p 2 3 5
normal 0 .057 .048 .047 | .047
student 0 .055 .047 .046 | .047
exponential 0 .056 .048 .047 | .048

normal 25 || .057 .048 .047 | .045
student .25 .059 .052 .051 | .051
exponential .25 || .060 .051 .049 | .049

normal 50 || 057 047 .045 | .044
student .50 || 056  .050 .050 | .051
exponential .50 || .057 .050 .047 | .049

normal 775 || L0562 044 .043 | .044
student 75 || L0569  .0561  .050 | .050
exponential .75 || .058 .048 .046 | .055
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Table 2: Power properties ( 5 %) of our and Hamilton tests (LM):
(200 observations)

first experiment

c LM

pr p2 p2—pi] || 2 3 5
0 .25 25 236 224 .222 | .118
50 50 653 .646 .645 | .361
75 75 849 846 .846 | .682
25 5 25 237 227 226 | .128
75 50 583 576 575 | 413
-.50 75 947 945 .944 | .666
50 .25 25 261 247 246 | .123
0 50 725 715 713 | 360
-.25 75 967 .965 .964 | .652
75 .50 25 312 298  .295 | .160
25 50 797 785 781 | 411
0 75 979 .976 .975 | .673
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Table 3: Power properties ( 5 %) of our and Hamilton tests (LM):second experiment

(200 observations)

1 25 || 168 161  .161 | .056
50 || 426 421 420 | .072
75 || 564 .B55  .553 | .105

50 .25 || 245 233 .231 | .080
.50 || 639 .605 .595 | .213
75 || 758 716 .699 | 477

25 .25 || 301 .263  .254 | .278
50 || 751 664 .622 | .716
75 || 857 764 702 | .776
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