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1 Introdu
tionStarting with Bierens (1984) and Robinson (1989), nonparametri
 spe
i�
ation testing for dependent datahas re
eived mu
h attention in the e
onometri
 literature. The range of potential appli
ations in
ludesnonlinearity tests and time series model building as reviewed in Tj�stheim (1994) and Fan and Yao (2003),spe
i�
ation of 
ontinuous-time di�usion model for interest rates (A��t-Sahalia (1996)), spe
i�
ation of thePhillips 
urve (Hamilton (2001)), rational expe
tations models and 
onditional portfolio eÆ
ien
y (Chenand Fan (1999), Robinson (1989)), tests of the Bla
k and S
holes formula (A��t-Sahalia, Bi
kel and Sto
ker(2001)) among others.An important bran
h of this literature has 
onsidered a nonparametri
 approa
h whi
h uses a smoothingparameter, as a bandwidth or the order of a series expansion. This has raised two important issues, regardingthe dete
tion properties and the size a

ura
y. The former 
an be addressed with eÆ
ien
y 
onsiderations,as pioneered in Ingster (1992, 1993), see also Guerre and Lavergne (2002). This framework leads to 
alibratetests to dete
t alternatives, in a given smoothness 
lass, that approa
h the null at the fastest possiblerate. However, the proposed smoothing parameters depend upon the 
hosen smoothness 
lass, whi
h is toorestri
tive for pra
ti
al appli
ations sin
e the 
hoi
e of a smoothness 
lass is often arbitrary. Regarding thesize issue, the statisti
s 
onsidered in the literature are often quadrati
 but the 
riti
al values are 
omputedfrom a normal approximation whi
h may be ina

urate, see Hong and White (1995) for nonparametri
 seriesand Tj�stheim (1994) for kernel methods. Re
ent work for i.i.d. observations, su
h as Fan, Zhang and Zhang(2001), suggests that more sophisti
ated approximations should be used instead of the normal. H�ardle andMammen (1993) and Gozalo (1997) have proposed, among others, bootstrapped 
riti
al values as a solution.This may be diÆ
ult when the parametri
 model under 
onsideration is spe
i�ed in 
ontinuous-time and istherefore 
ostly to simulate or to bootstrap. Bootstrapping is also a burden when the dynami
 spe
i�
ationin
ludes 
ovariates whi
h are not strongly exogenous and need to be simulated.An important step for the dete
tion issue was the development of the adaptive framework. Underthis approa
h, the smoothness 
lass 
ontaining the alternative is 
onsidered as unknown. Adaptive tests
ombine several statisti
s, designed for a spe
i�
 
lass, to build a test, see Hart (1997) for a review ofearlier work in this dire
tion. Spokoiny (1996) has developed an eÆ
ien
y theory for the adaptive 
ase.Various papers 
onsidered adaptive rate-optimal tests using the maximum of the statisti
s, in
luding Fan(1996), Fan and Huang (1999), Horowitz and Spokoiny (2001), Spokoiny (1996,2001). More spe
i�
ally,Horowitz and Spokoiny (2001) have proposed an adaptive rate-optimal kernel-based spe
i�
ation test for ageneral parametri
 regression model that has generated various extensions. Baraud, Huet and Laurent (2003)
onsider some nonasymptoti
 re�nements of the maximum approa
h for spe
i�
ation of a linear model. Poo,Sperli
h and Vieu (2004) are interested in a semiparametri
 null hypothesis while Gayraud and Pouet (2003)
onsidered a nonparametri
 null. Gao and King (2001,2004) and Fan and Yao (2003) have proposed to1



extend the s
ope of appli
ations to dependent data.However, the maximum approa
h produ
es statisti
s with unstable asymptoti
 null behavior, so thata
hieving an a

urate size remains a diÆ
ult issue. Fan (1996) found that the null limit distribution of histest gives a poor approximation for �nite samples. Horowitz and Spokoiny (2001) did not derive a null limitdistribution and used simulated 
riti
al values. On the other hand, Guerre and Lavergne (2005) built on adata-driven sele
tion pro
edure whi
h, under the null, sele
ts a pres
ribed statisti
 with a high probability.Compared to the maximum approa
h, this 
onsiderably redu
es the 
omplexity of the null behavior of theresulting test statisti
, whi
h asymptoti
 distribution is a standard normal given by a spe
i�
 statisti
. Butthe statisti
s of Guerre and Lavergne (2005) have a 
ompli
ated quadrati
 stru
ture so that these authorsused bootstrapped 
riti
al to a
hieve a level 
lose to the nonimal size. Hen
e, as earlier mentioned, su
h anapproa
h may not be suitable for dynami
 model.In this paper, a suitable modi�
ation of the Guerre and Lavergne (2005) test is proposed to derivean adaptive rate-optimal spe
i�
ation test with an a

urate size in a dynami
 setting. The 
onsidered nullhypothesis is the spe
i�
ation of the 
onditional mean for a time series with heteroskedasti
 innovations.Nonparametri
 series methods are used to 
ompute Chi-square statisti
s of various orders, whi
h, in 
ase oflow degrees of freedom, have an a

urate Chi-square approximation under the null. A sele
tion 
riterion,using a low penalty term proportional to the square root of the number of 
oeÆ
ients, 
hooses a test statisti
.Hen
e the reje
tion region of the test 
an use a

urate Chi-square 
riti
al values. The rest of the paper isorganized as follows. Se
tion 2 presents our test and the adaptive framework on a non te
hni
al level.Se
tion 3 groups our main assumptions and our main results. After studying the null behavior of the test,adaptive rate-optimality is introdu
ed and the test is shown to be eÆ
ient. Dete
tion of lo
al alternatives,approa
hing the null with a rate 
lose to the parametri
 one, is also 
onsidered. Se
tion 4 illustrates the sizeand dete
tion properties of the test with a simulation experiment and Se
tion 5 
on
ludes the paper. Theproofs are grouped in Se
tion 6 and two appendi
es.2 Heuristi
s of the data-driven testConsider an autoregressive model with exogenous variables Zt,Yt = �(Yt�1; : : : ; Yt�q ; Zt) + "t = �(Xt) + "twith Xt = [Yt�1; : : : ; Yt�q ; Z 0t℄0 2 Rd ; E ["t jFt℄ = 0 and Var["tjFt℄ = �2(Xt), where Ft is the past Borel �eldgenerated by X1; : : : ; Xt. Given T observations (Y1; X1); : : : ; (YT ; XT ), we want to test that �(�) belongs tosome parametri
 family fm(�; �); � 2 � 2 Rpg, that is the 
orre
t spe
i�
ation hypothesisH0: �(�) = m(�; �) for some � 2 �.2



The proposed pro
edure builds on the estimated residuals bUt = Yt � m(Xt; b�T ), where b�T is a 
onsistentestimator of � under H0, as for instan
e the nonlinear least squares estimatorb�T = argmin�2� TXt=1 (Yt �m(Xt; �))2 :By Yt = �(Xt) + "t, the residuals de
ompose as bUt = b�(Xt) + "t, where b�(�) = �(�) �m(�; b�T ) indi
atespotential misspe
i�
ation, whi
h asymptoti
ally vanishes under the null but not under the alternative. Ourtest 
ombines nonparametri
 series statisti
s 
onstru
ted by proje
ting the residuals to dete
t the presen
eof a signi�
ant b�(�) over a 
ompa
t � = [��; �℄d. More spe
i�
ally, we fo
us on multivariate Fourier seriesregression.1 For k = [k1; : : : ; kd℄0 2 Zd, de�ne the k-th trigonometri
 fun
tion over � as k(x) = dỲ=1Fk`(x`) where Fn(z) = 8>><>>: p2p� 
os ��nz� � I(�� � z � �) n < 0;1p2�I(�� � z � �) n = 0;p2p� sin ��nz� � I(�� � z � �) n > 0; (2.1)so that f k(�); k 2 Zdg is an L2(dx)-orthonormal system, that is R�  k(x) k0 (x)dx = 1 if k = k0 and 0otherwise. Let jkj = Pd̀=1 jk`j be the degree of  k(�). The series estimation of b�(�) over � builds ontrigonometri
 multivariate polynomial fun
tionPjkj�K bk k(�) of degreeK, with a number 
K of 
oeÆ
ientsbk proportional to Kd. To a

ount for heteroskedasti
ity, assume that an estimator b�(�) of �(�) is given, and
onsider the generalized least squares estimator b�K = [bbk; jkj � K℄0,b�K = �	0K b
�1	K��1	0K b
�1 bU = arg min[bk;jkj�K℄0 TXt=1 bUt �Pjkj�K bk k(Xt)b�(Xt) !2 ;where bU = [bU1; : : : ; bUT ℄0, b
1=2 is the diagonal matrix with entries b�(Xt), and 	K is the T � 
K matrix[ k(Xt); 1 � t � T; jkj � K℄. Suppose that b�(�) is a trigonometri
 polynomial fun
tion of order K. Astandard pro
edure to test the signi�
an
e of Fourier 
oeÆ
ients would use the Chi-square statisti
bRK = bU 0b
�1	K �	0K b
�1	K��1	0K b
�1 bU = TXt=1 Pjkj�K bbk k(Xt)b�(Xt) !2 ; (2.2)leading to reje
t H0 when bRK is large. However, assuming that b�(�) has a �nite series expansion of knownorder K is too simplisti
 for pra
ti
al appli
ations. More generally, an arbitrary 
hoi
e of K may a�e
t thepower and a better understanding of the impa
t of K is important to build a proper spe
i�
ation test. Set1Using other series approximation methods, as for instan
e polynomial fun
tions or wavelets, is possible but leads to amore involved theoreti
al study. Indeed, the Fourier system satis�es supk2Zd supx2� j k(x)j <1, a 
ondition whi
h simpli�esalgebrai
 manipulations under dependen
e mixing 
onditions. Another interest of Fourier methods is that using wavelets maylimit the s
ope of appli
ations to alternatives with a maximal smoothness given by the 
hoi
e of the wavelet basis, see thewavelet tests 
onsidered in Spokoiny (1996) and Theorem 2.4 therein.3



b� = [b�(X1); : : : ; b�(XT )℄0 and " = ["1; : : : ; "T ℄0 so that bU = b� + " and bRK de
omposes into three termsbRK = bR1K + 2 bR2K + bR3K with:bR1K = b�0b
�1	K �	0K b
�1	K��1	0K b
�1 b� ;bR2K = b�0b
�1	K �	0K b
�1	K��1	0K b
�1" ;bR3K = "0b
�1	K �	0K b
�1	K��1	0K b
�1": (2.3)The term bR1K is 
ru
ial regarding dete
tion of potential misspe
i�
ation. It is the squared norm of the or-thogonal proje
tion of b
�1=2 b� on the 
olumns of b
�1=2	K , whi
h in
reases withK up toPTt=1 b�2(Xt)I(Xt 2�)=b�2(Xt), a
hieved for 
K � T . Hen
e bR1K 
an be viewed as an downward biased estimation of the em-piri
al measure of misspe
i�
ation PTt=1 b�2(Xt)I(Xt 2 �)=b�2(Xt), that isbR1K = TXt=1 b�2(Xt)b�2(Xt) I(Xt 2 �) + bias�(K) ;where bias�(K) � 0 depends upon the unknown �(�) and de
reases with K. The other important termin the de
omposition (2.3) of the statisti
 bRK is bR3K , a pure noise term. It 
an be expe
ted that bR3K isasymptoti
ally a Chi-square variable with 
K degree of freedom, with mean 
K and varian
e 2
K , so thatbR3K = 
K+p2
KOP(1). Negle
ting2 bR2K and substituting in (2.3) gives a bias varian
e type de
ompositionfor bRK � 
K3 bRK � 
K = TXt=1 b�2(Xt)b�2(Xt) I(Xt 2 �) + bias�(K) +p2
KOP(1) : (2.4)Looking for the best estimator bRK � 
K of the misspe
i�
ation indi
ator suggests that an ideal 
hoi
eof K should a
hieve the minimum of jbias�(K)j + p2
KOP(1). However, this is infeasible in pra
ti
e,at least be
ause bias�(�) depends upon the unknown �(�). Alternative feasible 
hoi
es of K in
lude AICand BIC as reviewed in Hart (1997). These sele
tion pro
edures 
onsider a K a
hieving the maximum ofbRK � 

K where 
 is a penalty parameter. A

ording to (2.4), this amounts to a
hieve the minimum ofjbias�(K)j + (
 � 1)
K(1 + oP(1)). Therefore these sele
tion pro
edures asymptoti
ally balan
e jbias�(K)jwith (
 � 1)
K in pla
e of the ideal order 
1=2K in (2.4). This suggests to use instead a lower penalty term ofthe form 
k+

1=2K a�e
ting the square root of the number of 
oeÆ
ients 
1=2K in pla
e of 
k. More spe
i�
ally,2Assume that H0 is �(�) = 0 and that �(�) is known so that b�(�) = �(�) and the 
hoi
e b�(�) = �(�) is possible. In 
ase ofGaussian i.i.d. "t independent of the Xt's, bR2K would be an N (0; bR1K) = OP( bR1=21K ), whi
h 
an be negle
ted with respe
t tobR1K when this variable diverges. Note also that the distribution of bR3K 
oin
ides with its Chi-square approximation for su
hb�(�), b�(�) and ".3Note that bRK � 
K is a better misspe
i�
ation indi
ator than bRK , whi
h is a�e
ted by an additional systemati
 bias term
K . Guerre and Lavergne (2005) proposed a di�erent bias 
orre
tion that makes asymptoti
 inferen
e less a

urate in �nitesample, so that the Bootstrap is used. 4



let KT be a set of admissible degree K larger or equal to Kmin. Our data-driven 
hoi
e of K isbK
 = arg maxK2KT n bRK � 
K � 
T (2 (
K � 
Kmin))1=2o= arg maxK2KT n bRK � bRKmin � (
K � 
Kmin)� 
T (2 (
K � 
Kmin))1=2o with 
T � 0. (2.5)The introdu
tion Kmin quantities in the penalty 
riterion re
e
ts a preferen
e for low degree as justi�ed nowfrom 
onsiderations on the null behavior of the retained bR bK
 .As seen from Fan (1996) or Horowitz and Spokoiny (2001), �nding an a

urate approximation for thenull distribution of a statisti
 whi
h 
ombines the bRK 's as bR bK
 is diÆ
ult. A �rst distin
tive feature is thatthe sele
tion pro
edure (2.5) is 
exible enough to limit the 
ontribution of the statisti
s with high K bytaking 
T large enough. Indeed, a limit 
ase is 
T = +1, whi
h gives that bK
 = Kmin. This 
ontinues tohold asymptoti
ally provided 
T diverges fast enough as shown in Theorem 1. Moreover, as detailed now,an a

urate approximation of the distribution of bR bK
 is a standard Chi-square. Sin
e b�(�) asymptoti
allyvanishes under H0, (2.3) shows that the null distribution of bRK is approximately the one of bR3K and then,negle
ting the e�e
t of the varian
e estimation, ofR3K = "0
�1	K �	0K
�1	K��1	0K
�1"where 
1=2 = Diag [�(X1); : : : ; �(XT )℄. In the i.i.d. 
ase and a

ording to the Berry-Esseen bound in Hart(1997, Theorem 7.2), the distribution of the ve
tor	0K
�1" = " TXt=1  k(Xt)"t�2(Xt) ; jkj � K#0has a normal approximation up to a error a(
K)=T 1=2 where a(
K) diverges with 
K . Therefore, the dis-tribution of the Chi-squared statisti
 R3K should be 
lose to a Chi-square with 
K degree of freedom upto an error a(
K)=T 1=2, whi
h is smaller for moderate K.4 Hen
e the test uses a Chi-square 
riti
al valuez� = z�;T with P��(
Kmin)� 
Kminp2
Kmin � z�� = �where �(
) is a Chi-square with 
 degree of freedom and reje
ts H0 if5bR
 � 
Kminp2
Kmin � z� where bR
 = bR bK
 : (2.6)4This 
ontinues to hold in the dependent setup where the bound (B.9) in Appendix B gives a more 
ompli
ate error term,whi
h is K2d=T 1=2 at best. A normal approximation would be a�e
ted with a bigger K2d=T 1=2 +K�d=2 error term.5A se
ond distin
tive feature of the sele
tion pro
edure (2.5) is standardization with 
Kmin in the 
riti
al regionn bR
 � 
Kmin + z�p2
Kmino, see (2.6). Sin
e bK
 = Kmin asymptoti
ally, an alternative �-level 
riti
al region would use 
 bK
in pla
e of 
Kmin. But su
h a 
hoi
e would asymptoti
ally redu
e power sin
e 
 bK
 +z�p2
 bK
 � 
Kmin+z�p2
Kmin . This also
ontrasts with a maximum pro
edure whi
h would use the test statisti
 ( bR bK� � 
 bK�)=p2
 bK� = maxK2KT ( bRK � 
K)=p2
Kwith a 
 bK� larger than 
Kmin. The simulation experiments of Guerre and Lavergne (2005) revealed that su
h a 
onstru
tion ofthe 
riti
al region (2.6) gives a test whi
h improves on its adaptive rate-optimal 
ompetitors.5



Consider now the power issue. The data-driven 
hoi
e (2.5) of K 
ombines the dete
tion properties ofea
h of the bRK 's. Indeed, sin
e 
K � 
Kmin for any K in KT , we havebR
 � 
Kmin � bR bK
 � 
 bK
 = maxK2KT n bRK � 
K � 
T (2(
K � 
Kmin))1=2o+ 
T �2(
 bK
 � 
Kmin)�1=2� maxK2KT n bRK � 
K � 
T (2(
K � 
Kmin))1=2o� bRK � 
K � 
T (2(
K � 
Kmin))1=2 (2.7)This gives the power lower boundP bR
 � 
Kminp2
Kmin � z�! � P�bRK � 
K � 
T (2(
K � 
Kmin))1=2 � z�p2
Kmin � 0� (2.8)= P bRK � 
Kp2
K � z�p2
Kmin + 
T (2(
K � 
Kmin))1=2p2
K !whi
h holds in parti
ular for an optimal K whi
h balan
es the bias with the penalty term. Taking K = Kmingives that P bR
 � 
Kminp2
Kmin � z�! � P bRKmin � 
Kminp2
Kmin � z�! ; (2.9)a power bound whi
h shows that the test (2.6) improves on the one using the single statisti
 bRKmin. Asseen from (2.4) and (2.8), 
onsisten
y holds as soon as there is a degree K in KT su
h that the mis-spe
i�
ation measure PTt=1 b�2(Xt)I(Xt 2 �)=b�2(Xt) is asymptoti
ally larger than the sum of jbias�(K)j,
Tp2(
K � 
Kmin) and z�p2
Kmin. Hen
e in
reasing too mu
h 
T should give a less powerful test. Theform of the low penalty term in (2.5) is 
ru
ial to show adaptive rate-optimality, see Theorem 2. Theorem3 shows that the test dete
ts Pitman lo
al alternatives with a rate arbitrarily 
lose to the rate T�1=2.3 Main results3.1 Main assumptionsConsider T observations (Yt; Xt) with Yt = �(Xt) + "t, Xt = (Yt; : : : ; Yt�q; Z 0t)0 2 Rd , and where �(�) 
andepend upon T , in whi
h 
ase (Yt; Xt) forms a triangular array (YtT ; XtT ). Let X t and X t denote theBorel �eld generated by X1; "1; : : : ; Xt; "t and Xt; "t; Xt+1; "t+1; : : : respe
tively. The �-mixing 
oeÆ
ientsof fXt; "tgt2N� are �(n) = supt2N� supA2X t;B2X t+n jP (A \ B)� P (A)P (B)j ; n 2 N :The next assumptions deal with the "t's, the mixing 
oeÆ
ients and the parametri
 mean.6



Assumption E Let Ft be the Borel �eld generated by (X1; "0); : : : ; (Xt; "t�1). The variables f"tgt2N aremartingale di�eren
e with E ["t jFt℄ = 0, E ["2t jFt℄ = �2(Xt�1) and supt2N E ["8t jFt℄ < 1 a.s.. The standarddeviation fun
tion, �(�) = Var["tjXt = �℄, is 
ontinuous and bounded away from 0 on Rd .Assumption X The pro
ess fXt; "tgt2N� on Rd � R is stationary, withi. �(n) � An�1�a for some 
onstant A; a > 0.ii. The variable Xt has a density f(�) with respe
t to the Lebesgue measure on Rd . The density f(�) isbounded away from 0 and in�nity.Assumption M The parameter set � is a subset of Rp andi. The regression fun
tion m(x; �) is twi
e 
ontinuously di�erentiable with respe
t to �. The gradientm(1)(x; �) and Hessian matrix m(2)(x; �) are bounded over ���.ii. For any sequen
e of regression fun
tions �T (�) with E�2T (Xt) <1, there exists a sequen
e of parameter�T in � su
h that T 1=2(b�T � �T ) = OP(1), with �T = � if �T (�) = m(�; �) for some � in �.Assumption E ensures that the sumsPTt=1  k(Xt)"t=�2(Xt) are martingales whi
h are asymptoti
ally normalunder Assumption X-(i). The polynomial mixing rate of X-(i) is a minimal rate to a
hieve T 1=2-
onsisten
yin the weak Law of Large Numbers for the empiri
al mean T�1	0K
�1	K . Under Assumption X-(ii), thelimit of T�1	0K
�1	K has an inverse. Mixing 
onditions for Markovian (Yt; Xt) as in Assumption X-(i)
an be derived using a drift 
ondition, see Fan and Yao (2003, Theorem 2.4) and the referen
es therein.When b�T = argmin�2�PTt=1 (Yt �m(Xt; �))2, the sequen
e �T in Assumption M-(ii) is the pseudo-truevalue argmin�2� E (�T (Xt)�m(XT ; �))2, whi
h is uniquely de�ned under identi�
ation of the parametri
regression model, see Domowitz and White (1982). Assumption M-(i) then ensures that b�(�) = �T (�) �m(�; b�T ) is 
lose to �(�) = �T (�)�m(�; �T ) over � up to an OP(T�1=2) term.Let us now turn to the 
onstru
tion of the test. The �rst assumption spe
i�es a set of admissible degreesKT in the spirit of the dyadi
 bandwidth set of Horowitz and Spokoiny (2001).Assumption K Let a be as in Assumption X. Set Kmax = 2Jmax = O(TC1=d) for some C1 in �0; 34 1+a5+3a�,Kmin = 2Jmin ! 1 with Kdmin = O(lnC2 T ) for C2 > 0, where Jmin � Jmax are integer numbers. The set ofadmissible degrees KT is dyadi
, that isKT = �K = 2J ; J = Jmin; Jmin + 1; : : : ; Jmax	 : (3.1)
7



Note that (3.1) and the polynomial divergen
e rate of Kmax imply that CardKT is of exa
t order lnT . Su
ha restri
tion is helpful to show that bK
 = Kmin asymptoti
ally under the null, but also have some pra
ti
aljusti�
ations. Indeed, a
hieving a small P� bK
 6= Kmin� is an important 
ondition to get an a

urate size.Sin
e bRK � bRKmin� (
K � 
Kmin)�
T (2 (
K � 
Kmin))1=2 vanishes if and only if K = Kmin, (2.5) yields thatbK
 6= Kmin if and only if one of these penalized statisti
s is stri
tly positive for a K 6= Kmin, or equivalentlymaxK2KTnfKming bRK � bRKmin � (
K � 
Kmin)(2(
K � 
Kmin))1=2 > 
T :Hen
e P� bK
 6= Kmin� = P maxK2KTnfKming bRK � bRKmin � (
K � 
Kmin)(2 (
K � 
Kmin))1=2 � 
T! ; (3.2)so that P� bK
 6= Kmin� in
reases with KT and de
reases with the penalty sequen
e 
T . Therefore, using aparsimonious KT 
an improve the size a

ura
y of the test. On the other hand, a dyadi
 KT as in AssumptionK 
ontains sequen
es with any arbitrary order between lnC2 T and TC1 whi
h is suÆ
ient for adaptive rate-optimality. The 
onstant C1 of Assumption K must be smaller than 34 1+a5+3a where a 
omes from AssumptionX-(i), �(n) = O(n�1�a). This gives a Kmax of order T 1=(4d) at best, while, in the i.i.d. set-up, Hong andWhite (1995) allowed for a better order T 1=(3d) when using a single series statisti
 to base the test.Let us now turn to varian
e estimation. The next 
ondition allows to approximate T�1	0K b
�1	K withT�1	0K
�1	K for degrees K depending on the sample size T , as in Assumption K.Assumption V Let Kmax = 2Jmax = maxfK;K 2 KT g. Then, for the 
onsidered sequen
e of regressionmodels Yt = �T (Xt)+"t, supx2� jb�(x)��(x)j = OP(vT ) and, for some integer ` > d=2 and all (`1; : : : ; `d) with`1+ � � �+ `d = `, supx2� ��� �`b�(x)�`1x1:::�`dxd ��� = OP(vT ), where vT = o�K�3d=2max = lnT� and lim infT!1 T 1=2vT > 0.Assumption V requires 
onsisten
y of b�(�) under the null and the alternative. Convergen
e of b�(�) withthe rate vT requires that �T (�) and �(�) satis�es a minimal smoothness 
ondition. As seen from Guerreand Lavergne (2002), 
onsisten
y is not ne
essary under the alternative but 
an be useful to get a powerfultest. Under homoskedasti
ity, a simple 
hoi
e of b�(�) is a 
onstant di�eren
e-based estimator, in whi
h
ase Assumption V holds with a best possible vT = T�1=2 so that Kmax = o�T 1=(3d) ln2=(3d) T�. Theheteroskedasti
 
ase requires nonparametri
 varian
e estimation, as kernel, sieves, series expansion, see,among others, Guerre and Lavergne (2002, 2005) and Horowitz and Spokoiny (2001). The rate vT is thenthe 
onsisten
y rate for the `-th partial derivatives, whi
h restri
ts the divergen
e rate of Kmax.3.2 Asymptoti
 behavior under the nullAs dis
ussed following (3.2) and (2.8), a fast divergen
e rate for 
T is useful to a
hieve an a

urate size underthe null but may negatively a�e
t its power properties. Therefore, an important issue is to �nd a minimal8



divergen
e rate for 
T ensuring that the test is asymptoti
ally of level �, or equivalently that P( bK
 6= Kmin)asymptoti
ally vanishes under H0. The Bonferroni inequality gives, in (3.2),P( bK
 6= Kmin) � XK2KTnfKmingP bRK � bRKmin � (
K � 
Kmin)(2(
K � 
Kmin))1=2 > 
T! ; (3.3)and showing that the last sum asymptoti
ally vanishes for small 
T ne
essitates pre
ise uniform bounds forthese probabilities, so that simple Cheby
hev-type inequalities may not be suÆ
ient. Better Gaussian-typebounds in spirit of the Mill's ratio inequality P(N (0; 1) � 
) � exp(�
2=2)=(p2�
) are derived in LemmaA.3 of Appendix A. Sin
e the exa
t order of CardKT is lnT , the next theorem ensures that the asymptoti
size of the test is � provided that the penalty sequen
e 
T diverges faster than (ln lnT )1=2.Theorem 1 Consider that the null hypothesis H0 is true and assume that Assumptions E, K, M, V and Xhold. Then, if 
T diverges with 
T � (1 + �)p2 lnCardKT ; for some � > 0, (3.4)limT!+1 P� bK
 = Kmin� = 1 and the test (2.6) is asymptoti
ally of level �.The minimal divergen
e rate (ln lnT )1=2 ensuring that the test is asymptoti
ally of level � is surprisinglylow 
ompared to the penalty term of order lnT used in the BIC 
riterion. Su
h improvement 
omes fromthe Gaussian-type bounds used for the tails of the standardized bRK � bRKmin's. Indeed, this gives, up toremainder terms, a bound CardKT exp(�
2T =2)=(p2�
T ) in (3.3), whi
h asymptoti
ally vanishes providedthat (3.4) holds. On the other hand, su
h a low rate is in line with previous �ndings for rate-optimal adaptivetesting. Indeed, (3.2) shows that suitable 
T should resemble to the 
riti
al values of a maximum tests asFan (1996), who found 
riti
al values with a typi
al rate of (2 ln lnT )1=2. This suggests that our minimalrate 
ondition (3.4) 
annot be improved.Another 
ondition for Theorem 1 to hold is that Kmin diverges with the sample size, see AssumptionK. This is used to negle
t the parametri
 estimation error T 1=2(b�T � �) in the Chi-square approximation ofthe distribution of bRKmin. A

ounting for su
h an e�e
t would allow to 
onsider a �xed Kmin, see e.g. Hart(1997, Se
tion 8.3.1).3.3 Dete
tion of small alternativesAs dis
ussed following Equation (2.8), the dete
tion properties of the test depend upon a bias term from(2.4). Establishing formal adaptive rate-optimality of the test ne
essitates to bound this bias. The 
urrentmathemati
al approa
h to do so makes use of some smoothness restri
tions. We 
onsider here H�oldersmoothness 
lasses C(L; s) that we introdu
e now. De�ne the departure from the null as,��;T (�) = �(�)�m(�; �T ) ;9



with a �T as in Assumption M. We restri
t to departures �(�) with a restri
tion to � whi
h admits a(2�)-periodi
 extension. Consider �rst the 
ase s 2 (0; 1℄, for whi
hC(L; s) = ��(�) : supx;x02� j�(x)��(x0)jkx� x0ks � L� :For real s > 0, let bs
 be the lower integer part of s, that is the unique integer number satisfying bs
 < s �bs
+1, so that s�bs
 is in (0; 1℄ with s�bs
 = s for s 2 (0; 1℄. For any s > 0, the smoothness 
lass C(L; s)is de�ned as C(L; s) = f�(�) : the bs
th partial derivatives of �(�) are in C(L; s� bs
) g :Hen
e the smoothness 
lass C(L; s) is de�ned for all s > 0 and L > 0. Lemma 1 in the Proof Se
tion gives,for the bias term of (2.4), the following boundjbias�(K)j � OP"T 1=2K�sE1=2 ���;T (Xt)I(Xt 2 �)�(Xt) �2 + TK�2s# ;for any ��;T (�) in C(L; s) and any K. This gives, for small alternatives whi
h are the harder to dete
t,jbias�(K)j � OP�TK�2s� provided E1=2 ���;T (Xt)I(Xt 2 �)�(Xt) �2 = O �K�s� : (3.5)Our minimax adaptive framework evaluates tests uniformly over alternatives at distan
e � from the null,that is inH1(�;L; s) = (�(�) = m(�; �T ) + ��;T (�) ; ��;T (�) 2 C(L; s) ; E ���;T (Xt)I(Xt 2 �)�(Xt) �2 � �2) ;with unknown smoothness index (L; s). Su
h alternatives allow for a general shape of ��;T (�) with narrowpeaks and valleys that may depend upon on T , see Horowitz and Spokoiny (2001). As pointed out in Guerreand Lavergne (2005), uniform 
onsisten
y over H1(e�T ;L; s) is equivalent to 
onsisten
y against any sequen
e�T (�) = m(�; �T ) + �T (�) ; where �T (�) = ��T ;T (�),in H1(e�T ;L; s) as 
onsidered here. A 
ru
ial issue is the 
hoi
e of a suitable asymptoti
ally vanishing rate e�T .Indeed, some of the alternatives of H1(e�T ;L; s) will not be dete
ted by any tests if e�T goes to 0 with a toofast rate. On the other hand, dete
tion 
an be
ome straightforward if H1(e�T ;L; s) remains far from the null.Hen
e a good 
andidate e�T to evaluate a test is a frontier rate whi
h separates these two extreme situations.In the adaptive approa
h, su
h a rate depends upon the unknown smoothness index s and Spokoiny (1996)has shown that the optimal adaptive rate is6�T = �T (s) =  pln ln TT ! 2s4s+d ;6Spokoiny (1996) studied the 
ontinuous time white noise model (CTWN) Yn(t) = m(t)dt + �pndW (t), t 2 [0; 1℄, wherefW (t)gt2[0;1℄ is a standard Brownian motion. Although this model is mainly of theoreti
al interest, results established for theCTWN model extend to more 
ommon models through model equivalen
e, see Brown and Low (1996).10



whi
h is slower than the parametri
 rate T�1=2. Guerre and Lavergne (2002) derived an optimal rate for aknown smoothness index s whi
h improves �T from the (ln lnT )1=2 fa
tor, so that the pri
e to pay for rateadaptation is moderate. As well-known, the rate �T de
reases faster than the nonparametri
 estimation rateT�s=(2s+d). The adaptive rate-optimality of our test is stated in the next result.Theorem 2 Consider a sequen
e of alternatives�T (�) = m(�; �T ) + �T (�) in H1(C3:�T ;L; s) for some unknown s and L,with s � d(2=C1�1)=4, L > 0, C3 > 0 and supx2� j�T (x)j = O �E1=2 ��2T (Xt)I(Xt 2 �)=�2(Xt)��. Assumethat Assumptions E, K, M, V hold. Then, if 
T is of exa
t order (ln lnT )1=2 and provided C3 is taken largeenough, the test is 
onsistent, that is limT!1 P�( bR
 � 
Kmin)=p2
Kmin � z�� = 1.The proof of Theorem 2 builds on the lower power bound (2.8) and on the bias varian
e de
omposition (2.4).In view of the bias order (3.5) for small alternatives, an optimal 
hoi
e of K in (2.8) is su
h that the orderof the penalty term 
TKd=2 is proportional to TK�2s, that is forK� = K�(s) = 2h 24s+d ln(T=
T )ln 2 i / � T
T � 24s+d ; (3.6)where [�℄ is the integer part. Su
h K� dete
ts alternatives within the bias order divided by the sample size,K�s� / (
T =T )2s=(4s+d), whi
h 
oin
ides with the optimal adaptive order �T provided 
T has the smallestpossible order (ln lnT )1=2 
ompatible with Theorem 1. Note that, under Assumption K, K� is in KT provideds � d(2=C1 � 1)=4, whi
h implies that s > 7d=4.Be
ause adaptation means dete
tion over various smoothness 
lasses C(L; s), it is 
ru
ial that the test
ombines various several statisti
s, as seen from the optimal K� in (3.6), whi
h depends on the smoothingindex s. Therefore, tests that use a single statisti
 bRK generally fail to be rate-optimal adaptive. A morespe
i�
 property of the test (2.6) is dete
tion of small lo
al alternatives.Theorem 3 Consider a sequen
e of lo
al alternatives �T (�) satisfying�T (Xt) = m(Xt; �T ) + rT�0T (Xt) with �0T (�) in C(L; s) for some unknown s; L > 0,s � d(2=C1 � 1), and E ��0T (Xt)I(Xt 2 �)�(Xt) �2 � 1 ; supx2� j�0T (x)j = O (1) :Then, under Assumptions E, K, M, V and X, the test is 
onsistent provided 1=rT = o�qT=Kd=2min�.Sin
e Kmin 
an diverge very slowly, the rate rT 
an be arbitrarily 
lose to the parametri
 dete
tion rate1=T 1=2. This slightly improves on Horowitz and Spokoiny (2001) who a
hieved a rate (ln lnT )1=2=T 1=2. A11



key argument there is that the lo
al alternatives of Theorem 3 are asymptoti
ally very smooth, sin
e thedeparture from the null rT�0T (�) are in C(LrT ; s), with a Lips
hitz 
onstant LrT whi
h goes to 0. Hen
ethese alternatives di�er from the general ones in Theorem 2, and are typi
ally dete
ted by trigonometri
series with low degree as Kmin, so that (2.9) yields 
onsisten
y of the test. On the other hand, using thesingle statisti
 bRKmin would give a test that is not 
onsistent against the alternatives of Theorem 2, sothat 
ombining several statisti
s as in our pro
edure is 
ru
ial to a
hieve these opposite kinds of dete
tionproperties.4 Simulation experimentsIn this se
tion we study the size and the power properties of the proposed pro
edure when testing for anull of linearity in the 
ontext of a Markov pro
ess of order 1. The resulting test is 
ompared with the onedeveloped by Hamilton (2001) to dete
t nonlinearity. First, to examine the size properties, we use the AR(1)Yt = �Yt�1 + �t:Three distributions are 
onsidered for the error term: standard normal, standardized student with �vedegrees of freedom, and a 
entered and standardized exponential. To examine the sensitivity of the tests totemporal dependen
e, we 
onsider various values of the autoregressive parameter �, namely � = 0; :25; :50; :75.To implement our test, we 
hoose the interval (� in Se
tion 2) for proje
ting the 
ovariate Yt�1 onto thetrigonometri
 expansion to be equal to 2 divided by standard error of Yt under the null. This 
orrespondsto approximately 95 % of the observations. The set KT is equal to f1; 2; 4; 8; 16g. The asymptoti
 
riti
alvalue is given by p2 � �:05(1) + 1, where �:05(1) is the 
riti
al value at 5 % of a Chi-square with one degreeof freedom. We study the small sample properties of the test for various values of the penalty parameter
T . We �x 
T equal to 
p2 lnCardKT where we set 
 = 2; 3; 5. The parameters are estimated by OLS. Thesample size is set to 200 and the number of simulations is equal to 10,000.The simulations results for the size are en
ouraging. For 
 = 2 the test slightly overreje
ts in all 
ases.However, for 
 = 3; 5, the size is a

urate whatever the distribution, persisten
e and number of observations
onsidered. The LM test developed by Hamilton (2001) shares these good size properties.To study the e�e
t on power of the penalty sequen
e 
T , two alternative spe
i�
ations of the linearautoregressive pro
ess are examined. The �rst spe
i�
ation is a threshold autoregressive model de�ned as:Yt = �1Yt�1 IfYt�1>0g + �2Yt�1 IfYt�1<0g + �twhere �t is i.i.d. N(0; 1).7 This representation 
ontains two regimes delimited by a threshold equal to zero.7Results for the normal distribution are only reported here be
ause the results for the two other distributions are verysimilar. Of 
ourse, those results 
an be obtained upon request.12



When Yt�1 is greater than zero, the dynami
 dependen
e is 
ontrolled by the parameter �1. In the 
asewhere it is inferior to zero, the dynami
 depends on the parameter �2. Under the null of linearity �1 = �2.The distan
e from the null is a fun
tion of the absolute value of the di�eren
e between �1 and �2. To seethis, we 
an rewrite the threshold autoregressive model as follows:Yt = �1Yt�1 + (�2 � �1)Yt�1 IfYt�1<0g + �t:Thus, under the null, �(Xt) = �1Yt�1 while the nonlinear alternative is�(Xt) = �1Yt�1 + ÆYt�1 I(Yt�1 < 0) ; where Æ = �2 � �1.To examine the sensitivity of the tests to temporal dependen
e, we 
onsider various types of dependen
efor the pro
ess Yt. We run the following experiments: (1) �1 = 0 and �2 = :25; :50; :75, (2) �1 = :25 and�2 = :50; :75;�:50, (3) �1 = :50 and �2 = :25; 0;�:25 and (4) �1 = :75 and �2 = :50; :25; 0. The values of�2 under the alternative are 
hosen su
h that the parameter (Æ) whi
h governs the distan
e from the nullis equal to :25; :50 and :75, respe
tively. Table 2 reports the power results. Our test is more powerful thanHamilton's for all 
ases. Our power gains in
rease with the degree of temporal dependen
e and the distan
eof the alternative from the null. The di�eren
e in the reje
tion rate 
an be as high as 38%.The se
ond experiment 
orresponds to an alternative for whi
h the data-driven optimal test is spe
iallydesigned. The alternative models have the following form:Yt = �Yt�1 + �� f(Yt�1=�) + �t (4.7)where f(y=�) = (1=p2��2) � exp �� 12�2 (y=�)2�, �2 = 1=(1 � �2) and �t is i.i.d. N(0; 1). Figure 1 showsthe fun
tion f(�) for � = 1, :5 and :25, � = :5 and values of Yt between �10 and 10. The fun
tion f(�) issymmetri
 around zero and more 
on
entrated for smaller values of � . The fun
tion is bounded betweenzero and one, with f(0) = 1 and limx!�1 f(x) = 0. We 
an easily show that the alternative (4.7) respe
tsthe drift 
ondition of Fan and Yao (2003, Theorem 2.4) for geometri
 ergodi
ity. This alternative is then
ompatible with the assumptions assumed in this paper.We examine the sensitivity of the tests to the narrowness of the peak and temporal dependen
e. We
onsider the parameter values � = 25; :5; :75 and � = :25; :5; :75. Table 3 shows the results of the experiment.For � = 1, Hamilton's test is 
lose to the nominal size. For 200 observations, our test reje
ts at a rateof 16 % for � = :25 and 56 % for � = :75. For � = :5, our test also 
learly dominates the test proposedby Hamilton for all 
ases. For a narrow peak (� = :25), the reje
tion rate of both tests is quite similar.The better performan
e of the Hamilton test for this alternative, 
ompared to the one with a wider peak isprobably due to the spe
i�
ation of the varian
e-
ovarian
e fun
tion of the random �eld underlying the teststatisti
, see Hamilton (2001) for further details on the 
onstru
tion of this test.13



5 Con
luding remarksThis paper proposes a new adaptive rate-optimal spe
i�
ation test for time series. As in the maximumapproa
h of Fan (1996) or Horowitz and Spokoiny (2001), the test 
ombines several statisti
s to a
hieveadaptive rate-optimality. More spe
i�
ally, the test builds on series regression Chi-square statisti
s within
reasing orders. A data-driven sele
tion pro
edure, in the spirit of Guerre and Lavergne (2005), uses apenalty term proportional to the square-root of the number of Fourier 
oeÆ
ients to 
hoose the test statisti
.Under the null, the retained statisti
 is, with high probability, a statisti
 with a distribution 
lose to a Chi-square. Therefore, standard Chi-square 
riti
al values 
an be used, allowing for a better 
ontrol of the size ofthe test. This 
ontrasts with the maximum approa
h, where using a null limit distribution performs poorly asnoted in Fan (1996), or is out of rea
h, as in Horowitz and Spokoiny (2001). Hen
e, the maximum approa
hne
essitates the use of simulated 
riti
al values, limiting the s
ope of appli
ations to time series models than
an be easily simulated. A simulation experiment 
on�rms the good level properties of the proposed test,whi
h shows interesting power improvements 
ompared to a simpler test using a single statisti
 as Hamilton(2001). We also examine the power of the test whi
h is adaptive rate-optimal and dete
ts lo
al alternativesapproa
hing the null at a faster rate than Horowitz and Spokoiny (2001). The simulation experiment showsthat the 
hoi
e of the penalty term has a moderate impa
t on the power. This positively illustrates theinterest of our approa
h, whi
h builds on the fa
t that the 
ombination me
hanism inherent to adaptivetesting 
an also be designed to a
hieve a level 
lose to the nominal size.While our results are stated for Fourier series methods, our approa
h applies as well to wavelets orpolynomial series regression. As noted in Guerre and Lavergne (2005), the series 
onstru
tion of the teststatisti
 
an be easily modi�ed to 
ope with additive alternatives whi
h are not a�e
ted by the 
urse ofdimensionality. Obtaining an a

urate size in 
ase of kernel or lo
al polynomial methods is theoreti
allyfeasible. The s
ope of appli
ations of the new data-driven sele
tion pro
edure 
an also be extended asdis
ussed in Hart (1997) for earlier adaptive pro
edures or as in Tj�stheim (1994) and Fan and Yao (2003)in the time series 
ontext, as well as to many other spe
i�
ation hypotheses of e
onometri
 interest.6 Proofs of main resultsThe proofs are organized as follows. Important intermediate results and proofs of the main statements are given inSe
tion 6. Proofs of auxiliary results are gathered in Appendi
es A and B. We now introdu
e some notations and
onventions. All fun
tions 
an be set to 0 outside � without loss of generality. We set P�1t=0 = PTt=T+1 = 0. Thesymbol aT � bT means that the two sequen
es aT , bT with same sign are su
h that 
jaT j � jbT j � CjaT j for some0 < 
 � C <1 and T � 1. Constants are denoted by the generi
 letter C and vary from line to line.For notation 
onvenien
e, we re-index the trigonometri
 fun
tions (2.1) as f k(�)gk2N� and set 
K = �. We assume14



that the new ordering is su
h that 	K = [ 1; : : : ;  �℄, and uses the notation 	� for 	K . Here  k, k 2 N� , is a
olumn ve
tor with  k = [ k(X1); : : : ;  k(XT )℄0 2 RT . Therefore 	� is a T � � matrix and � � Kd. With littleabuse of notation, KT denotes both the set of admissible K or � with � between �min � 2Jmind and �max � 2Jmaxd.b�
 
orresponds to bK
 . The varian
e estimation rate in Assumption V is su
h that vT = o(��3=2max = lnT ).Let k � k be the Eu
lidean norm of RT or R� , that is if u = [u1; : : : ; u�℄0 2 R� , kuk = �P�k=1 u2k�1=2 = (u0u)1=2.If m = [m(X1); : : : ;m(XT )℄0 where m(�) maps Rd to R, kmk � T 1=2 supx2Rd jm(x)j. Under Assumption E, k"k =OP(T 1=2). For a �� � matrix � = [�k`℄1�k;`��, k�k is the spe
tral radius k�k = supu6=02R� k�uk=kuk. Re
all thatk�uk � k�kkuk, ju01�u2j � k�kku1 jku2k. It follows that the entries of �u are bounded by �1=2k�kmax1�k�� jukj.If � is a symmetri
 matrix, k�k = supkuk=1 ju0�uj is the largest eigenvalue in absolute value of �. Sin
eb
�1=2	� �	0�b
�1	���1	0�b
�1=2 is the orthogonal proje
tion on the spa
e spanned by the 
olumns of b
�1=2	�, wehave ����u0b
�1	� �	0�b
�1	���1	0�b
�1u���� � 


b
�1=2u


2 and 



b
�1=2	� �	0�b
�1	���1	0�b
�1=2



 � 1 :In what follows, we bound varian
e of sums using the Wolkonski-Rozanov inequality (see Fan and Yao (2003),Proposition 2.5-ii) whi
h states thatjCov (g1(Xt); g2(Xt�n))j � 4�(n) supx2Rd jg1(x)j supx2Rd jg2(x)jfor any real-valued bounded g1(�) and g2(�). This givesVar 1T TXt=1 g(Xt)! = 1T  Var(g(X1)) + 2 TXn=1 T � nT Cov(g(X1); g(Xn�1))! � 8T supx2Rd jg(x)j2 1Xn=0�(n) : (6.1)6.1 Estimation errorsWe 
onsider �rst the parametri
 and varian
e estimation errors, indu
ed by b�T � �T and b�(�)� �(�) respe
tively. For�T (�) = �T (�)�m(x; �T ), set U = �T + ", and let 
1=2 be the T � T diagonal matrix with entries �(Xt). Set�� = E �	0�(Xt)	�(Xt)�2(Xt) � = �E � k(Xt) `(Xt)�2(Xt) ��1�k;`�� ; b�� = b��(b
) = " k(X) `(X)b�2(X) #1�k;`�� ; (6.2)where k(X) `(X)b�2(X) = 1T TXt=1  k(Xt) `(Xt)b�2(Xt) ; so that T b�� = 	0�b
�1	� and bR� = U 0b
�1	� �T b����1	0�b
�1U .Proposition 1 Consider a departure from the null su
h that supx2� j�T (x)j = O hE1=2 (�T (Xt)=�(Xt))2i. UnderAssumptions E, M, V, X and if �min !1, �max = O(T 1=3= ln2 T ), we havemax�2KT ���� bR� � "0
�1	� (T��)�1	0�
�1"� 2�T b
�1	� �T b����1	0�b
�1"��T b
�1	� �T b����1	0�b
�1�T �����1=2= OP T 1=2�1=2min E1=2 ��T (Xt)�(Xt) �2! :Proof of Proposition 1: see Appendix A. 15



6.2 Proof of Theorem 1The next Proposition is the key tool to establish Theorem 1.Proposition 2 Assume that H0 holds, that is �T (�) = 0. Then under Assumptions E, K, M, V and X,i. Let �(�) be a Chi-square variable with � degree of freedom. Then, for any � = �T in KT ,supz2R����P�"0
�1	� (T��)�1	0�
�1"� �p2� � z�� P��(�)� �p2� � z����� = o(1)and supz2R�����P bR�min � �minp2�min � z!� P��(�min)� �minp2�min � z������ = o(1) :ii. Assume that (3.4) holds, i.e. that for some � > 0, 
T � (1 + �)p2 lnCardKT . ThenP max�2KT nf�ming bR� � bR�min � (�� �min)p2 (�� �min) � 
T! = o(1) :Proof of Proposition 2: see Appendix A.Proof of Theorem 1. (3.2) and Proposition 2-ii yieldP� bR
 6= bR�min� � P (b�
 6= �min) = P max�2KT nf�ming bR� � bR�min � (�� �min)p2 (�� �min) � 
T! = o(1) :Then the de�nition of z� in (2.6) and Proposition 2-i yieldP bR
 � �minp2�min � z�! = P bR�min � �minp2�min � z�!+ o(1) = P�� (�min)� �minp2�min � z��+ o(1)! � :26.3 Proof of Theorems 2 and 3The next Lemma is 
ru
ial for the 
onsisten
y properties of the test and is used for the item bR1K in (2.3).Lemma 1 Consider a departure from the null su
h that supx2� j�T (x)j = O hE1=2 (�T (Xt)=�(Xt))2i. AssumeAssumptions E, V, X hold and that � = �T diverges with � = o(T 1=3= ln2 T ).Then there exists a 
onstant C5 > 0, depending upon s, L and �, su
h that for any � 2 KT , any �(�) from � to Rin C(L; s), we have��0T b
�1	� �	0�b
�1	���1	0�b
�1�T �1=2 � T 1=2 "E1=2 ��T (Xt)�(Xt) �2 � C5��s=d# (1 + oP(1)) ; (6.3)�����0T b
�1	� �	0�b
�1	���1	0�b
�1"���� = T 1=2OP"E1=2 ��T (Xt)�(Xt) �2 + ��s=d# : (6.4)
16



Proof of Lemma 1: see Appendix A.Proof of Theorem 2. Let s � d(2=C1 � 1) and L be some unknown smoothness indexes. Let K� be as in (3.6), sothat K� 
orresponds to a �� in the new indexation. Observe that this �� is su
h thatT�� 2sd� � T�2T = �pln lnT� 4s4s+d T d4s+d � 
T�1=2� � 
Tp2(�� � �min) ; (6.5)sin
e the exa
t order of 
T is ln1=2 lnT , s > 0 and �min is smaller than a power of lnT .Consider now a sequen
e of alternatives �T (�) in H1(C3:�T ) with C3�T > 2C5��s=d� , where C5 is from Lemma 1.This gives that E1=2 (�T (Xt)=�(Xt))2�C5��s=d� � 12E1=2 (�T (Xt)=�(Xt))2 and that TE (�T (Xt)=�(Xt))2 diverges.Hen
e Lemma 1 gives�0T b
�1	�� �	0�� b
�1	����1	0�� b
�1�T � �14 + oP(1)�TE ��T (Xt)I(Xt 2 �)�(Xt) �2 ;�0T b
�1	�� �	0�� b
�1	����1	0�� b
�1" = OP"T 1=2E1=2 ��T (Xt)I(Xt 2 �)�(Xt) �2#= oP(1)�0T b
�1	�� �	0�� b
�1	����1	0�� b
�1�T :Observe also that Proposition 2-(i) shows that"0b
�1	�� �	0�� b
�1	����1	0�� b
�1"� �T = OP��1=2� � = oP(1)�
Tp2(�� � �min)�= oP(1)�0T b
�1	�� �	0�� b
�1	����1	0�� b
�1�T :Hen
e, (6.5), applying Proposition 1 for KT = f��g (so that �max = �min = �T ) and substituting yieldbR�� � �� � 
Tp2 (�T � �min)� z�p2�min= ��0T b
�1	�� �	0�� b
�1	����1	0�� b
�1�T � 
Tp2 (�T � �min)� (1 + oP(1))� T "14E ��T (Xt)I(Xt 2 �)�(Xt) �2 � C�2T# (1 + oP(1)) � T�2T �C234 �C� (1 + oP(1)) P! +1provided C3 is large enough. The lower power bound (2.8) then shows that Theorem 2 is proven. 2Proof of Theorem 3. Sin
e the proof of Theorem 3 is similar to the proof of Theorem 2 up to the fa
t thatdete
tion is a
hieved through �min, we just give the main steps. (2.7) yields that bR
 � �min � bR�min � �min, so thatit is suÆ
ient to show that bR�min � �min �p2�min diverges to +1 in probability. Building on Propositions 1, 2-(i)and Lemma 1 as for Theorem 2 now gives, sin
e �min � Kdmin !1,bR�min � �min �p2�min � r2T�00T b
�1	�T �	0�T b
�1	�T ��1	0�T b
�1�0T (1 + oP(1))�OP��1=2min�� Tr2T "E ��0T (Xt)I(Xt 2 �)�(Xt) �2 � C5��s=dmin # (1 + oP(1))�OP��1=2min� = Tr2T �OP�Kd=2min� P! +1provided Tr2T diverges with limT!1Kd=2min=(Tr2T ) = 0 as assumed in Theorem 3. 217



Appendix A: Proofs of Propositions 1, 2 and Lemma 1A.1 Preliminary lemmasWe begin with the estimation errors b�k ��k, see (6.2), and preliminary bounds. De�nee k(�) =  k(�)�	�min(�)��1�minE � k(Xt)	0�min(Xt)�2(Xt) � ; e�� = "E  e k(Xt) e `(Xt)�2(Xt) !#�min<k;`�� ; (A.1)whi
h are used to study the di�eren
e bR� � bR�min in the proof of Proposition 2-ii. The next lemmas hold forgeneral orthonormal systems f k(�)gk2N� of L2(�; dx) with supk2N� supx2� j k(x)j <1. Re
all that vT is su
h thatsupx2� jb�(x)� �(x)j = OP(vT ) with vT = o(��3=2max = lnT ), see Assumption V.Lemma A.1 Let ��, b�� be as in (6.2), and f e k(�)gk>�min, e�� as in (A.1). Then, under Assumptions E, V and X,i. sup�2N�max �k��1� k; k��k� <1, supk>�min supx2� j e k(x)j < C�1=2min and sup�2N�max�ke��1� k; ke��k� <1.ii. If �max = o�T 1=2�, the matri
es b��, 1 � � � �max, have an inverse with a probability tending to 1 andmax�2KT max hkb�� � ��k; kb��1� ���1� ki = OP"��2maxT �1=2 + �maxvT# = oP(1) :iii. If �max = o�T 1=2�, max1����max max�kb��k; kb��1� k� = OP(1).Lemma A.2 Let mT (�) and �T (�) from Rd to R be some fun
tions with support �. Then, under Assumptions E, V,X and if CardKT = O(lnT ), �max = o(T 1=3= ln2=3 T )max�2KT �����0T b
�1	� �	0�b
�1	���1	0�b
�1mT ���� � 


b
�1=2�T


 


b
�1=2mT


 ; (A.2)max�2KT 


	0�b
�1"


pT� = Card1=2KTOP(1) ; (A.3)max�2KT ����"0b
�1	� �	0�b
�1	���1	0�b
�1"� "0
�1	� (T��)�1	0�
�1"�����1=2= CardKTOP"��3maxT �1=2 + �3=2maxvT# = oP(1) ; (A.4)max�2KT ����m0T b
�1	� �	0�b
�1	���1	0�b
�1"�����1=2= T 1=2�1=2minOP"E1=2 �mT (Xt)�(Xt) �2 + inf�(�)2��min supx2� jmT (x)� �(x)j+ vT supx2� jmT (x)j# : (A.5)The fun
tions mT (�) and �T (�) may depend upon (X1; "1); : : : ; (XT ; "T ) in (A.2) but not in (A.5).Proof of Lemmas A.1 and A.2: see Appendix B. 18



The next lemma is used for Proposition 2. It is stated for general maps 'k(�) from Rd to R, k � 1. Consider therow ve
tor ��(Xt) = ['1(Xt); : : : ; '�(Xt)℄ and the �� T matrix �� = [��(X1)0 : : : ;��(XT )0℄0. De�neV� = E ��0�(Xt)��(Xt)�(Xt) � :We assumeAssumption B The matri
es V� have an inverse with sup�2N� kV �1� k < 1 and the fun
tions 'k(�) are su
h thatmax �sup1�k�� supx2Rd j'k(x)j; 1� = '1 <1.De�ne ST = S�T = V �1=2� TXt=1 �0�(Xt)�(Xt) "t�(Xt) ; QT = Q�T = T�1S0TST � �p2� = T�1kST k2 � �p2� :We now study the tail probability of QT .Lemma A.3 Let QT = Q�T be as above. Then, under Assumptions E, X-i, B, and � = �T = o(T 34 1+a5+3a ),i. Let �(�) be a Chi-square variable with � degree of freedom. ThenlimT!1 sup
2R����P (QT � 
)� P��(�)� �p2� � 
����� = 0 :ii. Consider � > 0. Then there exists a 
onstant C�, whi
h does not depend upon � and 
, su
h that for any 
 > �and �, P(QT � 
) � 1p2�(
 � �) exp�� (
 � �)22 �+C� �'61�2T� 32 1+a5+3a + 1p�� :Proof of Lemma A.3: see Appendix B.A.2 Proof of Propositions 1 and 2Proof of Proposition 1. For brevity of notations, the proof is made for p = dim� = 1. De�nee(�) = [e1(�); : : : ; eT (�)℄0 where et = m(Xt; �T )�m(Xt; b�T ) so that bU = U + e(�) :This gives bR� = U 0b
�1	� �T b����1	0�b
�1U + 2A� +B� with A� = U 0b
�1	� �T b����1	0�b
�1e(�)and B� = e(�)0b
�1	� �T b����1	0�b
�1e(�):Under Assumption M, max1�t�T jet(�)j = OP(T�1=2) whi
h gives ke(�)k = OP(1) and max�2KT jB�j = OP(1), sothat max1����max ��1=2jB�j = OP(��1=2min ). Consider now A�. Under Assumption M, the Taylor formula giveset(�) = �b�T � �T� �m(Xt; �T )�� + 12 �b�T � �T�2 �2m(Xt; ��tT )�2� so that e(�) = �b�T � �T�m1 + 12 �b�T � �T�2m2 ;
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with a ��tT between �T and b�T and where m1 and m2 are RT 
olumns ve
tor with bounded entries given by the �rstand se
ond-order derivatives. Sin
e U = �T + ", this givesA� = A1� +A2� + 12A3� with A1� = e0(�)b
�1	� �T b����1	0�b
�1�T ;A2� = �b�T � �T�m01b
�1	� �T b����1	0�b
�1" ; A3� = �b�T � �T�2m02b
�1	� �T b����1	0�b
�1" :The Cau
hy-S
hwarz inequality gives jA1�j � ke(�)kk�T k with ke(�)k = OP(1), so thatmax�2KT jA1�j�1=2 = OP k�T k�1=2min ! = OP T 1=2�1=2min E1=2 ��T (Xt)�(Xt) �2! ;sin
e k�T k2 = OP(T )E(�T (Xt)=�(Xt))2 by the Markov inequality and Assumption E. Sin
e T 1=2(b�T � �T ) = OP(1)and under Assumption M, applying (A.5) for A2� and the Cau
hy-S
hwarz inequality for A3� givemax�2KT jA2�j�1=2 = OP���1=2min � ;max�2KT jA3�j�1=2 = OP 1T�1=2min! km2kk"k = OP���1=2min � :Substituting in the expression of A� and bR� givemax�2KT ���� bR� � U 0b
�1	� �T b����1	0�b
�1U �����1=2 = 1�1=2minOP"1 + T 1=2E1=2 ��T (Xt)�(Xt) �2# : (A.6)But U 0b
�1	� �T b����1	0�b
�1U = "0b
�1	� �T b����1	0�b
�1"+2�0T b
�1	� �T b����1	0�b
�1"+�0T b
�1	� �T b����1	0�b
�1�Tso that substituting (A.4) in the equation above and (A.6) give the desired result. 2Proof of Proposition 2. De�neR0� = "0
�1	� (T��)�1	0�
�1" and Q0� = Q0�T = R0� � �p2� :Under the null, Proposition 1 yieldsmax�2KT ��� bR� �R0�����1=2 = oP(1) or, equivalently, max�2KT ����� bR� � �p2� �Q0������ = oP(1) : (A.7)Hen
e Proposition 2-(i) follows from taking � = �min in Lemma A.3-(i) and (A.7). Consider now Proposition 2-(ii).Let � be as in (3.4), so that 
T � p2 lnCardKT + � for T large enough. Therefore (A.7) yields that Proposition 2-(ii)is a 
onsequen
e of P max�2KT nf�ming R0� �R0�min � (�� �min)p2(�� �min � p2 lnCardKT + �! = o(1) : (A.8)20



To prove (A.8), we �rst rewrite R0� � R0�min as suitable quadrati
 form. For k; � > �min, let e k(�) and e�� be as in(A.1), and 
onsider the rows ve
tors e	��min(Xt) = [ e �min+1(Xt); : : : ; e �(Xt)℄,e	�(Xt) = [	�min(Xt); e	��min(Xt)℄ = 	�(Xt)�� so that e	� = 	��� ;for some regular �� � matrix ��. Elementary algebra givesR0� = T�1"0
�1 e	� 24 ��1�min 00 e��1� 35 e	0�
�1" and R0�min = T�1"0
�1 e	� 24 ��1�min 00 0 35 e	0�
�1" :Hen
e R0� �R0�min = T�1"0
�1 e	� 24 0 00 e��1� 35 e	0�
�1" = T�1"0
�1 e	��min e��1� he	��mini0 
�1"0= p2(�� �min) eQ� + �� �min :We now verify that the quadrati
 form eQ� obeys the 
onditions of LemmaA.3. Lemma A.1-(i) yields that supk supx2Rd j e k(x)j �C�1=2min, so that Assumption B holds taking '1 = O(�1=2min) = O(lnC2d=2 T ). Re
all that � � �min � 2jd � 2Jmind bythe de�nition (3.1) of KT . Hen
e Lemma A.3-(ii) yields, for (A.8),P� max�2KT nf�ming eQ� � p2 lnCardKT + �� � X�2KT nf�mingP� eQ� � p2 lnCardKT + ��� CardKT exp (� lnCardKT )2�p2 lnCardKT + C'61 X�2KT nf�ming(�� �min)2T� 32 1+a5+3a + C X�2KT nf�ming (�� �min)�1=2= o(1) + C'61CardKT�maxT� 32 1+a5+3a + C2�dJmin=2 +1Xj=1 2�jd=2 = o(1) :2A.3 Proof of Lemma 1In this proof, we apply lemmas A.1 and A.2 for KT = f�g, whi
h is su
h that � = �min = �max = o(T 1=3= ln2 T ).The Ja
kson Theorem (see Timan (1994), eq. (8) p. 278) yields that there is a trigonometri
 polynomial fun
tion�(�) = ��T ;�(�) with degree � �1=d su
h that�(x) = �Xk=1 �k k(x)I(x2 �) su
h that supx2� j�T (x)��(x)j � C��s=d : (A.9)Sin
e b�(�) is bounded away from 0 over � in probability, (A.9) implies thatmax1�t�T �����T (Xt)��(Xt)b�(Xt) ���� = OP���s=d� :Note that ���m0b
�1	� �	0�b
�1	��	0�b
�1m��� � kmk � T 1=2 supx2Rd jm(x)j. Let � = [�(X1); : : : ;�(XT )℄0, whi
his su
h that �0b
�1	� �	0�b
�1	��	0�b
�1� = �0b
�1� = 


b
�1=2�


 sin
e b
�1=2� is in the spa
e spanned by the
olumns of b
�1=2	�. Hen
e the triangular inequality and (A.9) give��0T b
�1	� �	0�b
�1	���1	0�b
�1�T �1=2 � ��0b
�1	� �	0�b
�1	���1	0�b
�1��1=221



� �(���T )0 b
�1	� �	0�b
�1	���1	0�b
�1 (���T )�1=2� 


b
�1=2�


� CT 1=2��s=d :In the expression (A.9) of �(�), write � = [�1; : : : ; ��℄0, so that the de�nitions of b��, �� in (6.2) and Lemma A.1-(ii)give 


b
�1=2�


 =  TXt=1 �2(Xt)b�2(Xt)!1=2 = �T�0b����1=2 = T ��0����1=2 1 +OP"��2T �1=2 + �vT#!= T 1=2E1=2 ��(Xt)�(Xt)�2 (1 + oP(1)) � T 1=2 "E1=2 ��T (Xt)�(Xt) �2 � C��s=d# :Substituting shows that (6.3) is proven. (6.4) follows from (A.5) and Assumption V, whi
h gives�����0T b
�1	� �	0�b
�1	���1	0�b
�1"���� = T 1=2OP"E1=2 ��T (Xt)�(Xt) �2 + ��s=d# :2Appendix B: Proof of Lemmas A.1-A.3B.1 Proof of Lemma A.1We begin with Lemma A.1-(i), sup�2N�max �k��1� k; k��k� <1. Sin
e u0��u = E �P�k=1 uk k(Xt)=�(Xt)�2, k��kis the largest eigenvalue of the symmetri
 �� and k��1� k is the inverse of the smallest eigenvalue of ��. Hen
ek��k = supkuk=1 E  �Xk=1uk  k(Xt)�(Xt) !2 ; 1k��1� k = infkuk=1 E  �Xk=1uk  k(Xt)�(Xt) !2 ;Sin
e f(�) and �(�) are bounded away from 0 and in�nity over � by Assumptions E and X-ii, and be
ause f k(�)gk2N�is an orthonormal system of L2(�; dx), we have uniformly in �E  �Xk=1uk  k(Xt)�(Xt) !2 = Z� �Xk=1uk k(x)!2 f(x)�2(x)dx � Z� �Xk=1uk k(x)!2 dx = kuk2 :This gives sup�2N�max �k��1� k; k��k� < 1, and we now prove that sup�2N�max�ke��1� k; ke��k� < 1. Let	��min(Xt) = [ �min+1(Xt); : : : ;  �(Xt)℄ and note thate�� = �E � k(Xt) `(Xt)�2(Xt) ���min<k;`�� � E  	�min(Xt)	�0�min(Xt)�2(Xt) !��1�minE �	��min(Xt)	0�min(Xt)�2(Xt) � :It then follows that e�� � �E k (Xt) `(Xt)=�2(Xt)��min<k;`�� where A � B means that A � B is a symmet-ri
 non negative matrix. This gives that ke��k � k��k sin
e the upper bound is a diagonal blo
k submatrixof ��. Observe that e��1� is also a diagonal blo
k of ��1� by the partitioned inverse formula, so that ke��1� k �k��1� k. This gives sup�2N�max�ke��1� k; ke��k� < 1. To show that supk>�min supx2� j e k(x)j < 1, note that	�min(�)��1�minE[ k (Xt)	0�min(Xt)=�2(Xt)℄ is the L2(�; f(x)dx=�2(x))-orthogonal proje
tion of  k(�) on  1(�); : : : ;  �min(�).The Pythagore inequality gives, uniformly in k � 1,E �	�min(Xt)�(Xt) ��1�minE � k(Xt)	0�min(Xt)�2(Xt) ��2 � E � 2k(Xt)�2(Xt) � � C :22



Therefore, the Cau
hy-S
hwartz inequality gives for all x and � � 1,j e k(x)j � sup��1 supx2� j �(x)j+ supx2� k��1=2�min	0�min(x)k



��1=2�min E � k(Xt)	0�min(Xt)�2(Xt) �



� C + Ck��1=2�min k�1=2min � E � k(Xt)	�min(Xt)�2(Xt) ���1�minE � k(Xt)	0�min(Xt)�2(Xt) �� C�1=2minE 2k (Xt) = C�1=2min :Consider now Lemma A.1-(ii,iii). De�ne�� = b��(
) = " k(X) `(X)�2(X) = �k`#1�k;`�� :Assumptions E, X-i and (6.1) giveE�k` = E � k(Xt) `(Xt)�2(X) � = �k` ; Var ��k`� � CT 1Xn=0�(n) ;and then, by the Cau
hy-S
hwartz inequalityE max1����max 

�� � ��

2 � E 

��max � ��max

2 = E supkuk=1"�maxXk=1  �maxX̀=1 ��k` � �k`�u`!2#� supkuk=1 �maxXk=1 �maxX̀=1 E ��k` � �k`�2 kuk2 = O��2maxT � (B.1)and then max1����max 

�� � ��

 = OP��2maxT �1=2, and we now bound max1����max 


b�� � ��


. We have, uniformlyin k � �max,


b�� ���


 = supkuk=1 ������u0	0� �b
�1 �
�1�	�uT ������ = supkuk=1 ����� 1T TXt=1 �Xk=1uk k(Xt)!2� 1b�2(Xt) � 1�2(Xt)������� OP� max1�t�T jb�(Xt)� �(Xt)j� 1T TXt=1 �maxXk=1  2k(Xt) = OP(�maxvT ) :Sin
e �max � Kdmax, Assumption V and �2max=T = o(1) yieldmax1����max kb�� � ��k = OP"��2maxT �1=2 + �maxvT# = oP(1) :Therefore the smallest eigenvalue of b�� is bounded away from 0 and these matri
es have an inverse for 1 � � � �maxwith a probability tending to 1. The order of max1����max 


b��1� � ��1� 


 
omes from the series expansion


b��1� � ��1� 


 = 



��1� ��Id� + �b�� ������1� ��1 � Id��



 = 




 1Xn=1��1� ��b�� ������1� �n




� 1Xn=1 


b�� � ��


n � sup�2N�k��1� k�n+1 ;whi
h ends the proof of Lemma A.1-(i,iii) sin
e sup� k��1� k <1. 223



B.2 Proof of Lemma A.2Let us re
all some results from empiri
al pro
ess useful to establish some preliminary bounds. Consider the 
lass offun
tions GT from � to R withGT = �g(�) : supx2� jg(x)� �(x)j �MT ; supx2� ���� �`g(x)�`1x1 : : : �`dxd ���� �MT for all d-uple with `1 + � � �+ `d = `� ;with ` as in Assumption V. Under Assumption V, there is a MT � vT su
h thatlim infT!1 P�b��2(�) 2 GT � � 1� �; for any �.Then, to establish Lemma A.2, we 
an view b��2(�) as a member of a GT . Consider now a sequen
e of fun
tions from� to R and de�ne the empiri
al pro
ess ZkT (�) = fZkT (g); g 2 GT g asZkT (g) = 1T 1=2 TXt=1 (mT (Xt) k(Xt)g(Xt)� E [mT (Xt) k(Xt)g(Xt)℄) or ZkT (g) = 1T 1=2 TXt=1mT (Xt) k(Xt)g(Xt)"t :Modi�
ations of bounds (8.3), (8.7) and (8.9) in Rio (2000) to a

ount for multipli
ation by mT (�) and  k(�) withsupx2� j k(x)j = 1 shows thatsupk�1 E � supg2GT ���ZkT (g)� ZkT (��2)���2� � O(v2T ) supx2� jmT (x)j2 : (B.2)De�ne e�(") = 	0� �b
�1 �
�1� " ; e�(m) = 	0� �b
�1 � 
�1�mT ; e�(�) = b��1� � ��1� ;so that 	0�b
�1" = 	0�
�1" + e�("), 	0�b
�1mT = 	0�
�1mT + e�(mT ) and b��1� = ��1� + e�(�). The Cheby
hevinequality, (B.2) and Lemma A.1-ii givemax�2KT ke�(")k2T� = max�2KT 1� �Xk=1 1T 1=2 TXt=1  k(Xt) �b��2(Xt)� ��2(Xt)� "t!2= OP(1) X�2KT 1� �Xk=1 maxg(�)2GT  1T 1=2 TXt=1  k(Xt) �g(Xt)� ��2(Xt)� "t!2 = OP�v2TCardKT � ; (B.3)max�2KT ke�(m)k2T 2� = OP(1) max�2KT 1� �Xk=1 maxg(�)2GT  1T TXt=1mT (Xt) k(Xt) �g(Xt)� ��2(Xt)�!2� OP(1) X�2KT 2� �Xk=1 maxg2GT 24 1T TXt=1 E �mT (Xt) k(Xt) �g(Xt)� ��2(Xt)��!2 + �Zkn(g)� Zkn(��2)�2T 1=2 35= OP�v2TCardKT � supx2� jmT (x)j2 ; (B.4)max�2KT ke�(�)k = OP"��2maxT �1=2 + �maxvT# : (B.5)Observe also that the martingale stru
ture of the "t's, Assumption E and (6.1) yield thatE "max�2KT 

	�
�1"

2T� # � X�2KT 1T� �Xk=1 E  TXt=1  k(Xt)"t�2(Xt) !2 � CCardKT ;24



E "max�2KT 

	�
�1mT � E �	�
�1mT �

2T� # � X�2KT 1T� �Xk=1Var TXt=1 mT (Xt) k(Xt)�2(Xt) !2� CCardKT supx2� jmT (x)j2 :It follows thatmax�2KT 

	�
�1"

pT� = OP�Card1=2KT� ; max�2KT 

	�
�1mT � E �	�
�1mT �

pT� = OP�Card1=2KT � supx2� jmT (x)j: (B.6)Note that (A.2) is due to Cau
hy-S
hwarz inequality and 



b
�1=2	� �	0�b
�1	���1	0�b
�1=2



 = 1. (A.3) followsfrom (B.3) and (B.6). We now prove (A.4). We have"0b
�1	� �	0�b
�1	���1	0�b
�1" = �"0
�1	� + e0�(")� ���1� + e�(�)� �	0�
�1"+ e�(")�T= "0
�1	���1� 	0�
�1"T + 2"0
�1	���1� e�(") + "0
�1	�e�(�)	0�
�1"T+2"0
�1	�e�(�)e�(") + e0�(")��1� e�(") + e0�(")e�(�)e�(")T :By (B.3), (B.5), (B.6) and Lemma A.1-(i), Assumption V, �max = o(T 1=3= ln2=3 T ) and CardKT = O(ln T ), we havemax�2KT ��"0
�1	�e�(�)	0�
�1"��T�1=2 � �1=2max max�2KT ��"0
�1	�e�(�)	0�
�1"��T� � �1=2max max�2KT ke�(�)k 

	0�
�1"

2T�� �1=2max max�2KT 

	0�
�1"

2T� � max�2KT ke�(�)k= OP"��3maxT �1=2 + �3=2maxvT#CardKT = oP(1) ;max�2KT ��"0
�1	���1� e�(")��T�1=2 = OP(�1=2max) max�2KT 

"0
�1	�

pT� � max�2KT ke�(")kpT�= OP(�maxvTCardKT ) ;the other remainder terms being negligible. This gives (A.3).We now turn to (A.5). Let ��(�) = ��;T (�) be a trigonometri
 polynomial fun
tion of �� with supx2� jmT (x) ���(x)j � 2 inf�(�)2�� supx2� jmT (x)��(x)j. Sin
e b
�1=2��min is a linear 
ombination of the 
olumns of b
�1=2	� forall � � �min, it follows that �0�min b
�1	� �	0�b
�1	���1	0�b
�1" = �0�min b
�1". This givesm0T b
�1	� �	0�b
�1	���1	0�b
�1" = �0�min b
�1"+ (mT � ��min)0 b
�1	� �T b����1	0�b
�1" (B.7)with (mT � ��min)0 b
�1	� �T b����1	0�b
�1" = E � (mT � ��min)0 
�1	�T ���1� 	0�
�1"+E � (mT � ��min)0 
�1	�minT ��b��1� 	0�b
�1 � ��1� 	0�
�1� "+ (mT � ��min)0 b
�1	�T � E � (mT � ��min)0 
�1	�T �! b��1� 	0�b
�1" : (B.8)25



Consider �rst the leading term �0�min b
�1" of (B.7). Be
ause sup�min supx2� j��min(x)j < 1 and taking  1(�) = 1gives, in (B.2),����0�min �b
�1 � 
�1� "��� = OP�T 1=2vT� supx2� j��min(x)j = OP�T 1=2vT��supx2� jmT (x)j+ supx2� jmT (x)� ��min(x)j� :The de�nition of ��min(�) yields, under Assumption E,E ��0�min
�1"�2 = E ��0�min
�1��min� = TE ���min(Xt)�(Xt) �2 � T  E1=2 ���min(Xt)�(Xt) �2 + supx2� jmT (x)� ��min(x)j!2 :This gives, for the leading term of (B.7),max�2KT ������0�min b
�1"�1=2 ����� = T 1=2�1=2minOP"E1=2 �mT (Xt)�(Xt) �2 + (1 + vT ) inf�(�)2��min supx2� jmT (x)� �(x)j+ vT supx2� jmT (x)j# :For the �rst item of (B.8), note that Assumption E gives that Var(	0�
�1") = T�� = E �	0�
�1	��, see (6.2). Sin
eorthogonal proje
tion de
reases the mean squared norm, this gives, for the �rst term in (B.8),E �E � (mT � ��min)0 
�1	�T ���1� 	0�
�1"�2= 1T E �(mT � ��min)0 
�1	�� �E �	0�
�1	����1 E �	0�
�1 (mT � ��min)�� 1T E �(mT � ��min)0 
�1 (mT � ��min)� = E �mT (Xt)� ��min(Xt)�(Xt) �2 � C supx2� jmT (x)� ��min(x)j ;so thatmax�2KT ���� 1T�1=2 E �(mT � ��min)0 
�1	����1� 	0�
�1"���� = inf�(�)2��min supx2� jmT (x)� �(x)jOP Card1=2KT�1=2min ! :For the se
ond term in (B.8), observe that,




E �(mT � ��min)0 
�1	�T 1=2 �0




2 � C 




��1=2� E � (mT � ��min)0 
�1	�T 1=2 �0




2= CT E �(mT � ��min)0 
�1	�� �E �	0�
�1	����1 E �	0�
�1 (mT � ��min)� � CE �mT (Xt)� ��min(Xt)�(Xt) �2� C supx2� jmT (x)� ��min(x)j; and them����E � (mT � ��min)0 
�1	�minT ��b��1� 	0�b
�1 � ��1� 	0�
�1� "����� C supx2� jmT (x)� ��min(x)jT 1=2 h


b��1� � ��1� 




	0�
�1"

+ 


b��1� 


 ke�(")ki :Therefore Lemma A.1, (B.3) and (B.6) yieldmax�2KT 1�1=2 ����E �(mT � ��min)0 
�1	�minT ��b��1� 	0�b
�1 � ��1� 	0�
�1� "����= inf�(�)2��min supx2� jmT (x)� �(x)jOP"��2maxT �1=2 + �maxvT#Card1=2KT :26



For the last item of (B.8), (B.3), (B.4) and (B.6), Lemma A.1, give thatmax�2KT 1p� ����� (mT � ��min)0 b
�1	�T � E �(mT � ��min)0 
�1	�T �! b��1� 	0�b
�1"�����= inf�(�)2��min supx2� jmT (x)� �(x)j�1=2maxOP�vTCard1=2KT��pT�maxOPh(1 + vT )Card1=2KT i= inf�(�)2��min supx2� jmT (x)� �(x)jT 1=2OP��1=2maxvTCardKT� :Substituting in (B.8) and (B.7) yieldsmax�2KT ����m0T b
�1	� �	0�b
�1	���1	0�b
�1"�����1=2= T 1=2�1=2minOP"E1=2 �mT (Xt)�(Xt) �2 + (1 + vT ) inf�(�)2��min supx2� jmT (x)� �(x)j+ vT supx2� jmT (x)j#+ inf�(�)2��min supx2� jmT (x)� �(x)jOP" ��1=2min +��2maxT �1=2+ �maxvT!Card1=2KT + T 1=2�1=2maxvTCardKT#= T 1=2�1=2minOP"E1=2 �mT (Xt)�(Xt) �2 + inf�(�)2��min supx2� jmT (x)� �(x)j+ vT supx2� jmT (x)j# :2B.3 Proof of Lemma A.3Abbreviate V �1=2� �0�(Xt)"t into �t. Consider a sequen
e fe�tgt2Nof iid N(0; Id�) variables independent of f"tgt2NandfXtgt2N, where Id� is the identity matrix of dimension � � �. Let I(�) be a three time di�erentiable real fun
tion.De�ne eSTt+1 = PTi=t+1 e�t, eQT = (T�1keST1 k2 � �2�)=p2�. The proof of Lemma A.3 is divided in three steps. Themain step aims to establish that for C(I) = max �1; supz2RjI0(z)j; supz2RjI00(z)j� and some C > 0 independent of �and T , ���E [I (QT )℄� E hI � eQT�i��� � C:C(I):'61�2T� 32 1+a5+3a : (B.9)Step 1. Proof of (B.9). We build on arguments used in the proof of the Lindeberg Central Limit Theorem as given inBillingsley (1968, Theorem 7.2), see Horowitz and Spokoiny (2001, Lemma 10) for a similar approa
h in the 
ontextof adaptive testing. It 
onsists into su

essive 
hanges of the �t into their Gaussian 
ounterparts b�t, as seen from(B.10) below. However, a important di�eren
e is due to the use of nonparametri
 series methods and dependen
e.De�ne StT (�) = St�1 + � + eSTt+1 ; QtT (�) = T�1S0tT (�)StT (�)� �p2� ; JtT (�) = I (QtT (�)) for � 2 R� .This gives ���E [I (QT )℄� E hI � eQT�i��� = jE [JTT (�T )℄� E [J1T (e�1)℄j = ����� TXt=1 (E [JtT (�t)℄� E [JtT (e�t)℄)������ TXt=1 jE [JtT (�t)℄� E [JtT (e�t)℄j : (B.10)27



De�ne, for z 2 R and � 2 Rk , JtT (z; �) = JtT (z�). A third-order Taylor expansion of JtT (z; �) with integralremainder yields JtT (�t)� JtT (0) = dJtT (0; �t)dz + 12 d2JtT (0; �t)d2z + Z 10 (1� z)22 d3JtT (z; �t)d3z dz ;with 8>><>>: dJtT (0;�t)dz = 2Tp2��0tStT (0)I0 (QtT (0)) ;d2JtT (0;�t)d2z = 2Tp2�k�tk2I0 (QtT (0)) + 4T2� (�0tStT (0))2 I00 (QtT (0)) ;d3JtT (z;�t)d3z = 10T2�k�tk2�0tStT (z�t)I00 (QtT (z�t)) + 8T3�3=2 (�0tStT (z�t))3 I000 (QtT (z�t)) : (B.11)Let eFt be the sigma-�eld generated by : : : ; �t�2; �t�1; e�t+1; e�t+2; : : : and note that StT (0) and QtT (0) are eFt-measurable. Sin
e �t and e�t are 
entered given eFt, we haveE �dJtT (0; �t)dz � dJtT (0; e�t)dz � = E � 2Tp2�S0tT (0)I0 (QtT (0)) E h(�t � e�t) ��� eFt i� = 0 ;and substituting the Taylor expansion in (B.10) yields���E [I (QT )℄� E hI � eQT�i��� � 12 TXt=1 ����E �d2JtT (0; �t)d2z � d2JtT (0; e�t)d2z ����� (B.12)+ 12 TXt=1 Z 10 (1� z)2 �����E d3JtT (z; �t)d3z ����+ ����E d3JtT (z; e�t)d3z �����dz ; (B.13)and we now bound ea
h of these two sums.We begin by establishing a preliminary inequality. Let n1 and n2 be two positive real numbers with 2 � n1+n2 � 8.Then for any t, t0 and z 2 [0; 1℄,max (EkStT (z�t)kn1k�t0kn2 ; EkStT (ze�t)kn1ke�t0kn2 ) � C'n1+n21 �n1+n22 T n12 : (B.14)We give a proof for EkStT (z�t)kn1k�t0kn2 , the other bound being similarly established. The H�older inequality impliesthatEkStT (z�t)kn1k�t0kn2 � E n1n1+n2 kStT (z�t)kn1+n2E n2n1+n2 k�t0kn1+n2� E n1n1+n2 �kSt + z�tk+ keSTt+1k�n1+n2 �0�kV �1=2� kn2E n2n1+n2 " �Xk=1'2k(Xt0)"2t0#n1+n22 1A� 2n1+n2�1 �E n1n1+n2 kSt + z�tkn1+n2 + E n1n1+n2 keSTt+1kn1+n2��kV �1=2� kn2'n21 �n2=2E n2n1+n2 j"t0 jn1+n2� :Be
ause e�t is a N(0; �2Id�), it is easily seen that E n1n1+n2 keSTt+1kn1+n2 � C�n1+n2(�T )n1=2 and we now boundE n1n1+n2 kSt + z�tkn1+n2 . We have, by 
onvexity, the Burkholder inequality (see Chow and Tei
her, 1988, p. 396,noti
ing that Pt�1i=1 'k(Xi)"i + z'k(Xt)"t is a sum of di�eren
e of martingale), and the Minkowski inequality.EkSt + z�tkn1+n2 � kV �1=2� kn1+n2�n1+n22 E 24 1� �Xk=1 t�1Xi=1 'k(Xi)"i + z'k(Xt)"t!235n1+n22� kV �1=2� kn1+n2�n1+n22 �1 �Xk=124E 1n1+n2 �����t�1Xi=1 'k(Xi)"i + z'k(Xt)"t�����n1+n235n1+n228



� kV �1=2� kn1+n2�n1+n22 �1C �Xk=1264E 2n1+n2  t�1Xi=1 '2k(Xi)"2i + z2'2k(Xt)2"t!n1+n22 375n1+n22� CkV �1=2� kn1+n2�n1+n22 �1 �Xk=1" tXi=1 E 2n1+n2 ��'2k(Xi)"2i ��n1+n22 #n1+n22� CkV �1=2� kn1+n2(�T )n1+n22 'n1+n21 Ej"t jn1+n2 :This gives E n1n1+n2 kSt + z�tkn1+n2 � C(�T )n1=2'n11 and then (B.14).We now return to (B.13). The expression (B.11) of the third derivative of JtT (z; �t) and (B.14) yieldTXt=1 Z 10 (1� z)2 �����E d3JtT (z; �t)d3z ����+ ����E d3JtT (z; e�t)d3z ����� dz� C(I) TXt=1 Z 10 (1� z)2( 10T 2� TXt=1 E �k�tk3kStT (z�t)k+ ke�tk3kStT (ze�t)k�+ 8T 3�3=2 E �k�tk3kStT (z�t)k3 + ke�tk3kStT (ze�t)k3�� dz� C:'61:C(I)��:T�1=2 + �3=2:T�1=2� � C:'61:C(I)��3T �1=2 : (B.15)To study (B.12), let ��(Xt) = V �1=2� �0�(Xt) = [ �'1(Xt); : : : ; �'�(Xt)℄0, StT = StT (0) = [S1tT ; : : : ; S�tT ℄0, QtT =QtT (0). The de�nitions of �t, e�t and eFt shows that E[�kt�`t�e�kte�`tj eFt℄ = �'k(Xt) �'`(Xt)�I(�= `) = �'k(Xt) �'`(Xt)�E[ �'k (Xt) �'`(Xt)℄. Therefore sin
e QtT and tT are eFt measurable, 
onditioning with respe
t to eFt yields, using theexpression of the se
ond order derivative of JtT (0; �t) given in (B.11)E �d2JtT (0; �t)d2z � d2JtT (0; e�t)d2z � = 2Tp2� �Xk=1 E �� �'2k(Xt)� E �'2k (Xt)� I0 (QtT )�+ 4T 2� X1�k;`�� E �( �'k(Xt) �'`(Xt)� E[ �'k (Xt) �'`(Xt)℄)SktTS`tTI00 (QtT )�= 2Tp2� �Xk=1Cov � �'2k(Xt); I0 (QtT )�+ 4T 2� X1�k;`��Cov � �'k(Xt) �'`(Xt); SktTS`tTI00 (QtT )� :Let n be an integer and de�ne�StT = St�n�1 + eSTt+1 ; �QtT = T�1k �StT k2 � �2�p2� = QtT � 2 �S0tT (St � St�n�1) + kSt � St�n�1k2Tp2� :The variable �QtT and �StT depend upon e�t+1; : : : ; e�T and �1; : : : ; �t�n�1, whi
h are n + 1 time periods far from the�'2k(Xt)'s. Sin
e supx2Rd j �'k(x)j � supx2Rd k��(x)k � kV �1=2� k'1p�, the Wolkonski-Rozanov inequality yields����� �Xk=1Cov� �'2k(Xt); I0 � �QtT������� � 4C(I)kV �1=2� k2'21��(n) ; (B.16)29



������ X1�k;`��Cov h �'k(Xt) �'`(Xt); �SktT �S`tTI00 � �QtT�i������ � 8C(I)kV �1=2� k2'21��3=4(n) X1�k;`�� E 14 j �SktT �S`tT j4� 8C(I)kV �1=2� k2'21��3=4(n) X1�k;`�� E 18 j �SktT j8E 18 j �S`tT j8� C:C(I)kV �1=2� k4'41�3T�3=4(n) ; (B.17)by �rst integrating out with respe
t to the e�t+1; : : : e�T , whi
h are independent from the �t's, and using (B.14). Notethat E �'k (Xt)4 � kV �1=2� k2'21�E �'k (Xt)2 = kV �1=2� k2'21� and Var1=2( �'2k(Xt) �'2k(Xt)) � �E �'4k (Xt)E �'4k (Xt)�1=4 �kV �1=2� k'1p�. This together with the de�nition of �QtT and (B.14) gives����� �Xk=1Cov h �'2k(Xt); I0 (QtT )� I0 � �QtT�i������ C(I)Tp2� �Xk=1 E h����2k(Xt)� 1�� �2k �StT kkSt�1 � St�n�1k+ kSt�1 � St�n�1k2�i� C(I)Tp2� �Xk=1 E1=2 ����2k(Xt)� 1��2 �E1=4k �StT k4 � E1=4kSt�1 � St�n�1k4 + E1=2kSt�1 � St�n�1k4�� C C(I)Tp2� ��� '1�1=2 � �'1p�T'1p�n+ '21�n�� = C:C(I):'31�2pTn+ nT ;������ X1�k;`��Cov h �'k(Xt) �'`(Xt); S`tTSktT �I00 (QtT )� I00 ( �QtT )�i������� C(I)Tp2� �E1=8k �StT k8E1=8kSt�1 � St�n�1k8 + E1=4kSt�1 � St�n�1k8�� X1�k;`��Var1=2 � �'2k(Xt) �'2̀(Xt)� E1=8S8̀tT E1=8S8ktT� CC(I)Tp��'21 �pTn+ n�� �2'1p�'21T = C:C(I):'51�3 �pTn+ n� ;������ X1�k;`��Cov h �'k(Xt) �'`(Xt);�S`tT � �S`tT��SktT � �SktT� I00( �QtT )i������� C(I) X1�k;`��Var1=2 � �'2k(Xt) �'2̀(Xt)� E1=4 �S`tT � �S`tT�4 E1=4 �SktT � �SktT�4� C:C(I):'31�5=2n ;������ X1�k;`��Cov h �'k(Xt) �'`(Xt); �SktT �S`tT � �S`tT� I00( �QtT )i������� C(I) X1�k;`��Var1=2 � �'2k(Xt) �'2̀(Xt)� E1=4 �S4ktT E1=4 �S`tT � �S`tT�4� C:C(I):'31�5=2pnT :Therefore, (B.16), (B.17) and these inequalities give����� �Xk=1Cov � �'2k(Xt); I0 (QtT )������ 30



� C:C(I):'31�0��X(n) + ��pTn+ n�T 1A������ X1�k;`��Cov � �'k(Xt) �'`(Xt); SktTS`tTI00 (QtT )�������� ������ X1�k;`��Cov h �'k(Xt) �'`(Xt); �SktT �S`tTI00 � �QtT�i������+ ������ X1�k;`��Cov h �'k(Xt) �'`(Xt); SktTS`tT �I00 (QtT )� I00 � �QtT��i������+2 ������ X1�k;`��Cov h �'k(Xt) �'`(Xt); �SktT �S`tT � �S`tT� I00( �QtT )i������+ ������ X1�k;`��Cov h �'k(Xt) �'`(Xt);�S`tT � �S`tT��SktT � eSktT�I00 ( �QtT )i������� C:C(I):'51�3 �T�3=4X (n) +pnT + n� :Summing over t gives in (B.12)TXt=1 ����E �d2JtT (0; �t)d2z � d2JtT (0; e�t)d2z ������ C:C(I):'31p�0��X(n) + ��pTn+ n�T 1A+ C:C(I):'51 �2T �T�3=4X (n) +pnT + n�� C:C(I):'51 24p��X(n) + �2�3=4X (n) + ��3=2 + �2� �pTn+ n�T 35� C:C(I):'51�20��3=4X (n) + �pTn+ n�T 1A� C:C(I):'51�20�n� 34 (1+a) + �pTn+ n�T 1A ; (B.18)under Assumption M-i. An optimal 
hoi
e of the order of n in (B.18) is T 2=(5+3a) whi
h gives the upper boundC:C(I):'51�2T� 32 1+a5+3a . Therefore (B.18) and (B.12), (B.15) and (B.13) yields that (B.9) is proven.Step 2. Proof of Lemma A.3-i. Choose now a three time 
ontinuously di�erentiable I�(z) with I�(z) = 0 if z � ��,I�(z) = 1 if z > 0. This gives, for any 
 2 R,I(z � 
) � I�(z � 
) � I(z� 
 � �) ; (B.19)and then, by (B.9), P(QT � 
) � EI� (QT � 
) � EI� ( eQT � 
) + C�:'61�2T� 32 1+a5+3a (B.20)31



� P� eQT � 
 � ��+ o(1) ;P(QT � 
) � EI� (QT � 
 � �) � EI� ( eQT � 
 � �) + o(1)� P� eQT � 
 + ��+ o(1) :Note that eQT is a (�(�)��)=p2� whi
h has a 
ontinuous density and 
onverges in distribution to a standard normalif � goes to in�nity. Therefore taking � small enough gives Lemma A.3-i.Step 3. Proof of Lemma A.3-ii. The proof is done by bounding EI� ( eQT � 
) in (B.20). Observe that eQT has thesame distribution as 1p� �Xk=1 �2k � 1p2 ;where the �k's are iid N(0; 1) random variables. As established in the proof of Theorem 7.2 of Billingsley (1968) and
hanging the (�2k � 1)=p2 into standard N(0; 1) variables, there is a 
onstant C� with���EI� ( eQT � 
)� EI� (N(0; 1)� 
)��� � C�p� :Then (B.19) and (B.20) show P(QT � 
) � P(N(0; 1) � 
 � �) + C� h�2T� 32 1+a5+3a + 1p�i Applying the Mill's ratioinequality (see Shora
k and Wellner (1986), p.850) to P(N(0; 1) � 
 � �) shows that Lemma A.3-ii is proven. 2
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Table 1: Size properties ( 5 %) of our and Hamilton tests (LM)(200 observations)
 LMdistribution � 2 3 5normal 0 .057 .048 .047 .047student 0 .055 .047 .046 .047exponential 0 .056 .048 .047 .048normal .25 .057 .048 .047 .045student .25 .059 .052 .051 .051exponential .25 .060 .051 .049 .049normal .50 .057 .047 .045 .044student .50 .056 .050 .050 .051exponential .50 .057 .050 .047 .049normal .75 .052 .044 .043 .044student .75 .059 .051 .050 .050exponential .75 .058 .048 .046 .055
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Table 2: Power properties ( 5 %) of our and Hamilton tests (LM): �rst experiment(200 observations)
 LM�1 �2 j�2 � �1j 2 3 50 .25 .25 .236 .224 .222 .118.50 .50 .653 .646 .645 .361.75 .75 .849 .846 .846 .682.25 .5 .25 .237 .227 .226 .128.75 .50 .583 .576 .575 .413-.50 .75 .947 .945 .944 .666.50 .25 .25 .261 .247 .246 .1230 .50 .725 .715 .713 .360-.25 .75 .967 .965 .964 .652.75 .50 .25 .312 .298 .295 .160.25 .50 .797 .785 .781 .4110 .75 .979 .976 .975 .673
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Table 3: Power properties ( 5 %) of our and Hamilton tests (LM):se
ond experiment(200 observations)
 LM� � 2 3 51 .25 .168 .161 .161 .056.50 .426 .421 .420 .072.75 .564 .555 .553 .105.50 .25 .245 .233 .231 .080.50 .639 .605 .595 .213.75 .758 .716 .699 .477.25 .25 .301 .263 .254 .278.50 .751 .664 .622 .716.75 .857 .764 .702 .776
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Figure 1Alternative model (� = :5)
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