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Abstract
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Introduction

The dynamic response of hours worked to a permanent technology shock identified from SVARs is a con-
troversial issue. The specification of hours in SVARs and the measurement of the productivity appear
crucial in the explanation of apparent conflictual results (see e.g. Gali, 1999, Francis and Ramey, 2005,
Basu, Fernald and Kimball, 2006, Christiano, Eichenbaum and Vigfusson, 2004a, 2004b, Chari, Kehoe and
McGrattan, 2008 and Feve and Guay, 2009). The aim of this paper is to explain these conflicting results
in SVARs using a simple statistical framework with hours worked modelized as a locally nonstationary
process. Our key result is that low—frequency movements in hours can contaminate the identification of
technology shocks when labor productivity is included in SVARs.

In the first part of the paper, we characterize empirical evidences obtained from SVARs with US data.
These findings will then be used as basic facts to be explained by our statistical framework. These results
also echo those obtained in Gali (1999), Francis and Ramey (2005), Basu, Fernald and Kimball (2006),
Christiano, Eichenbaum and Vigfusson (2004a) and (2004b). Using different productivity measures, we
compute the dynamic responses of hours worked after a technology improvement. The main results are the
following. First, when a “purified” measure of total factor productivity (TFP) constructed by Basu, Fernald
and Kimball (2006) is included in SVARs, the specification of hours does not matter as we obtain almost
the same dynamic responses: hours decrease in short—run and thus display a positive hump—shaped pattern.
Second, when labor productivity is used, the response of hours with the LSVAR model (hours are specified
in level) is positive, but it becomes persistently negative with the DSVAR model (hours are specified in first
difference) and both differ from the ones obtained with the “purified” measure of total factor productivity.
Third, confidence bands with the LSVAR model are fairly large and thus not informative.

Some existing works have tried to explain conflicting results obtained with LSVAR and DSVAR models.
Christiano, Eichenbaum and Vigfusson (2004a) and Gospodinov (2010) establish that the large sampling
uncertainty with the LSVAR model can arise from a weak instrument problem when the largest root is
unity or near the nonstationary boundary (stationary in small sample but asymptotically nonstationary). A
LSVAR model for such process thus leads to an inconsistent estimator of the technology shocks. Using
also a nearly non-stationary SVAR, Gospodinov, Maynard and Pesavento (2011) explain that the difference
in the empirical impulse responses by a small low—frequency comovements between hours worked and
productivity growth which appears in the LSVAR specification but disappears in the DSVAR specification.

In this paper, we investigate an alternative finite sample approximation for a highly persistent variable

as hours worked. We consider a characterization of the highly persistent process as a nearly stationary



persistent process. This characterization implies that the variable is nonstationary in finite sample but
asymptotically stationary persistent. This has the interesting property to be compatible with empirical
evidence and theoretical implications. In finite sample, the presence of a unit root is usually not rejected
for per capita hours worked series. This reflects the inability in finite sample to discrimate between an 1(0)
and an I(1) process for a highly persistent variable. However, the maximal number of hours that a person
can work in a day is bounded (see Francis and Ramey, 2005) and therefore its is asymptotically stationary.
No model that takes into account this physical constraint can yield a unit root process for the logarithm of
hours (see Chari, Kehoe and McGrattan, 2008, for a discussion).! The nearly stationary persistent process
is also in connection with equilibrium business cycle models, in which hours worked are stationary but
display high degree of serial correlation (see e.g. Erceg, Guerrieri and Gust, 2005, Christiano, Eichenbaum
and Vigfusson, 2006, Chari, Kehoe and McGrattan, 2008, Feve and Guay, 2009).2 SVAR models with a
nearly stationary persistent variable seem to offer an interesting alternative representation for studying the
properties of the SVAR estimators and the associated dynamic responses in a representation including a
highly persistent variable, such as hours worked. This is the objective of this paper.

The second part of the paper studies the properties of estimators and impulse response function (IRF)
to a permanent shock (i.e. a technology shock), when the nonstationary variable (a TFP measure or the
labor productivity) has asymptotically an exact unit root and the other variable (hours worked) follows a
nearly stationary persistent process. We show that the estimated responses from the LSVAR model are bi-
ased in finite sample if the measure of productivity is contaminated by low frequency movements in hours.
However, if the econometrician uses a “purified” measure of TFP, the bias disappears. We also derive the
asymptotic distribution for the structural parameters of the LSVAR model. The estimators are asymptoti-
cally consistent, but display a nonstandard limiting distribution. This explains the large confidence interval
for the dynamic responses in the LSVAR setup. As for the LSVAR model, the estimated responses obtained
from the DSVAR model are biased in finite sample if the productivity measure (i.e. the labor productivity)
includes the low—frequency movements in hours. This bias occurs because two shocks have a permanent
effect on labor productivity in finite sample, violating the long—run identification scheme. This finding
explains the huge difference in the estimated IRF between the LSVAR and DSVAR models. When the
econometrician uses a “purified” measure of TFP instead of the labor productivity, the DSVAR can yield

close to consistent estimates. In this case, the long—run restriction is valid, because the low—frequency

'A stationary stochastic representation does not prevent that hours will eventually exceed any positive limit, but the problem is
all the more reinforced if they contain a unit root for which the variance is unbounded.

2Chang, Doh and Schorfheide (2007) consider a DSGE model with nonstationary hours and show that a level specification of
hours must be preferred to a difference specification when the model includes real frictions in the form of labor adjustment costs.



movements in hours does not contaminate the measure of productivity. This result explains the empirical
findings that show that the LSVAR and DSVAR models yield close dynamic responses of hours when a
“purified” measure of TFP is included in the VAR model. While our statistical approximation is different
than the one proposed by Gospodinov, Maynard and Pesavento (2011), both are valuable explanations of the
difference between results from LSVAR and DSVAR. The explanation advocated by Gospodinov, Maynard
and Pesavento (2011) is based on low—frequency comovements present in a level representation but disap-
pearing in the DSVAR while our explanation is based on contamination by low-frequency comovements
affecting differently the LSVAR and DSVAR models.

As an additional contribution, the alternative framework adopted here can explain why the dynamic
responses from LSVAR and DSVAR with a “purified” measure of TFP differ from the ones identified
with the LSVAR and DSVAR using labor productivity. Moreover, this can also explain why the estimated
dynamic responses from LSVAR and DSVAR with labor productivity are biased in small sample as shown
using simulations (Chari, Kehoe and McGrattan, 2008 and Féve and Guay, 2010) and differ from the ones
with a “purified” measure of TFP.> We are then in position to propose a consistent explanation of the three
empirical findings discussed earlier from SVARs with U.S. data and existing simulation results.

The paper is organized as follows. In a first section, we reports estimated dynamic responses with
US data. Section 2 presents the statistical framework and an illustrative economic model to motivate the
adopted specification of hours worked. Section 3 analyzes finite sample and asymptotic behaviors of SVARs

with a nearly stationary persistent process. The last section concludes. Proofs are reported in Appendix.*

1 Figures with US Data

In this section, we report some figures on the short—run responses of hours worked in various SVARs esti-
mated with actual US data. SVARs include three different measures of productivity that are then used for
long—run identification. In each case, this variable is assumed to have an exact unit root.> The productivity
variables considered successively are the Solow residual, a “purified” measure of TFP and the labor pro-

ductivity. All the productivity measures are specified in logs and in first difference. Data are borrowed from

3Christiano, Eichenbaum and Vigfusson (2006) obtained dynamic responses with a small bias for LSVAR using labor pro-
ductivity. At the first sight, this could appear at odds with our explanation. However, this result can be explained by the small
portion of the labor productivity’s variance explained by the non-technology shock thanks to their parameters configuration used
to perform their simulations. In fact, for the parameter values used by Christiano, Eichenbaum and Vigfusson (2006), the resulting
labor productivity is closed to be an adequate measure of the TFP. This also holds for some results in Féve and Guay (2010) (see
Table 2, case with p,, = .99 and 0 /o, = .5) where parameter values are close to the ones used by Christiano, Eichenbaum and
Vigfusson (2006).

4See the Online Appendix for additional materials.

3The unit root on the level of each measure is not rejected, whereas the unit root on the first difference is rejected at conventional
level.



Basu, Fernald and Kimball (2006). The data frequency is annual and covers the sample period 1949-1996.°
Our measure of hours worked is the log of non—farm business hours, divided by the population 16 and over.
The data used in this empirical analysis are reported in Figure 1. The three measures of productivity display
similar business cycle patterns, but the “purified” measure is less volatile than the other two. In addition,
the Solow residual and the labor productivity growth are imperfectly correlated with the “purified” mea-
sure (the correlation coefficient between the growth rates is 0.31 and 0.57, respectively). As shown in the
right hand side of Figure 1, the log of hours displays persistent fluctuations over the sample period. The
estimated autocorrelation function suggests that hours worked display a high serial correlation. We also
perform an Augmented Dickey Fuller (ADF) test of unit root. We regress the growth rate of hours on a
constant, lagged level and two lags of the first difference. The ADF test statistic is equal to —1.26 and the
null hypothesis of unit root cannot be rejected at 5%. This finding suggests that hours are nonstationary
and thus must be specified in first difference in SVARs. However, it is well known that unit root tests have
lower power in small sample against stationary alternatives, so hours are specified either in level or in first
difference in SVARs.

The four first SVARs (with hours either in level or in first difference) use direct measures of TFP and
correspond to the ones adopted by Basu, Fernald and Kimball (2006) and Christiano, Eichenbaum and
Vigfusson (2004b). The SVAR model with labor productivity growth and the log of hours in level is the one
adopted by Christiano, Eichenbaum and Vigfusson (2004a), whereas the SVAR with the log of hours in first
difference is the one adopted by Gali (1999), Gali and Rabanal (2004) and Francis and Ramey (2005). In
all cases, we consider a bivariate VAR model and we impose the long restriction & /a Blanchard and Quah
(1989) that technology shock is the only variable that can have a permanent effect on the Solow residual,
the “purified” measure of TFP and the labor productivity. Following Basu, Fernald and Kimball (2006)
and Christiano, Eichenbaum and Vigfusson (2004b), the lag length for each VAR model is two. Results
are found to be robust to other choices of the lag length. The confidence interval is then obtained from
standard bootstrap techniques with 1000 replications.” The results are reported in Figures 2 and 3. For
comparison purpose, we set the same scale for each estimated responses. We will consider two sets of
dynamic responses. First, we focus on the dynamic responses of hours after a technology improvement.
Second, we inspect the response of the three productivity measures to a technology shock.

Let us first consider the dynamic responses of hours, as they constitute a central and debatable empirical
issue (see Figure 2). When the Solow residual and the “purified” measure of TFP are included in the SVAR

model, the specification of hours (in level or in first difference) does not matter a lot. On impact, hours

SVery recently, Fernald (2012) proposes a quarterly, utilization—adjusted series on TFP.
"See Inoue and Kilian (2002) for the justification of bootstrap method in our context.



decrease, but after two years the response becomes persistently positive and displays an hump—shaped pat-
tern.® Interestingly, the discrepancy of IRFs (between the level and the first difference specification) is
less pronounced when a “purified” measure of TFP is considered instead of the Solow residual. This find-
ing means that when a proper measure of productivity is available, consistent estimates of the dynamic
responses of hours worked can be obtained without wondering what is the proper specification of hours.
When the growth rate of labor productivity is included in the SVAR model, things however change dra-
matically. Indeed, the LSVAR and the DSVAR models predict opposite conclusions about the dynamic
responses of hours and for both specifications the dynamic responses differ from the ones obtained by the
“purified” measure of TFP. Except on impact, the LSVAR model displays a positive hump-shaped response
whereas the DSVAR model implies a persistent decrease in hours (see Gali, 1999, Christiano, Eichenbaum
and Vigfusson, 2004a and Francis and Ramey, 2005). Finally, in the case of a level specification of hours,
the confidence interval is so wide that the estimated IRFs of hours are not significantly different from zero
at any horizon. This is especially true when the labor productivity growth is included in the LSVAR model.
We also obtain fairly large confidence bands with direct productivity measures. When hours worked are
specified in first difference, the confidence interval remains wide but the dynamic responses appear more
precisely estimated, especially in the very short run.’

Let us now consider the estimated dynamic responses of each productivity measure to a technology im-
provement. The responses are reported in Figure 3. The responses are comparable for the three productiv-
ity measures, because each of them will permanently adjusts in the long—run after a permanent technology
shock. The “purified” measure of TFP shifts up almost immediately and the Solow residual after one period.
Notice that the specification of hours does not matter, as the dynamic responses with these two measures are
very similar. This finding is again in contrast with those obtained from labor productivity. The LSVAR and
DSVAR models display different responses in the short-run. The DSVAR model implies a quick adjust-
ment of labor productivity to its new long—run value. With the LSVAR model, the labor productivity adjusts
very gradually and persistently. The long—run effect of the technology measure can be directly obtained
from the Cholesky decomposition of the long—run covariance matrix of the variables. Results are reported
in Table 1. For each measure, the long effect is almost similar whatever the specification of hours.!? Notice

however, that the discrepancy is more pronounced in the case of the labor productivity. Again, the “puri-

8See also Vigfusson (2004) for similar empirical findings.

“We can also complete these figures by computing the correlation of the technology innovations identified from LSVAR and
DSVAR models, for each measure of productivity. The higher correlation is obtained in the case of the “purified” measure of TFP,
0.9860, and the lower is obtained when labor productivity is included in SVARs, 0.9082. The Solow residual provides intermediate
results with a correlation of 0.9831.

10The DSVAR model produces larger long—run responses than the LSVAR model with every productivity measure.



fied” implies the smaller difference and the Solow residual intermediate results. Another important aspect
is the sizeable difference between the “purified” measure and the labor productivity. For example, with the
DSVAR specification, the long—run effect is 1.39% with the “purified” measure and 2.32% with the labor

productivity. Using this latter variable yields larger long—run effects of a technology improvement.

2 The Statistical Framework and an Illustrative Economic Model

We first present the specification of a nearly stationary persistent process. Second, we connect this statistical

representation to the dynamics of hours worked obtained from a standard RBC model.

2.1 SVARs with a Nearly Stationary Persistent Process

In this section we present and study our proposed specification of a highly persistent process. This is
obtained by parameterizing it as a nearly stationary persistent process. Phillips (1987) and Chan and Wei
(1987), among others, considered nearly unit-root process to investigate the asymptotic power of the unit-
root tests under a sequence of local alternatives. Since we are interested by a highly persistent process
which is asymptotically stationary, we consider a sequence of local alternatives such that the process is
locally nonstationary but asymptotically stationary and persistent.

Let us first introduce this nearly stationary persistent process parametrization with a simple example.

For the aim of exposition, suppose the following univariate process:

(1 - pL)Al’t = Ut — 5Tut,1
5T = (1 — C/\/T) s

with 0 < p < 1, ¢ > 0 and wy is a white noise. As 7' increasing to infinity and for a high value of p,
this process becomes a stationary persistent process whereas, in finite sample, the process is characterized
by an unit root. This process is locally nonstationary but asymptotically stationary and persistent. This
characterization of the highly persistent process has two advantages. First, it suitably represents the time
series behavior of variables for which usual unit root tests cannot reject the nonstationarity in small sample.
Second, although highly persistent, the variable is necessarily characterized by an asymptotic stationary
process. Pantula (1991), Perron and Ng (1996) and Ng and Perron (2001) consider a simplified version of
this process with p = 0 but to investigate the performance of unit-root tests.'! It is important to understand

that this specification adopted here must not be interpreted as a literal description of the data but as a device

Obviously, the parametrization adopted by these authors is not suitable in our case since such process is asymptotically a white
noise.



to approximate the behavior of a highly persistent variable in small sample which is necessarily stationary
asymptotically.

More generally, we are interested in a bivariate representation X; = (AXyy, Xop) fort = 1,..., 7T,
where the variable X7, contains an exact unit root and Xy, is a highly persistent variable. Both variables in
the vector X; are asymptotically second order stationary and they admit asymptotically the following Wold

decomposition
Xy = C(L)e, ey

where C(L) = 272, Cjer—j and Co = I, 3222, C’]2 < 00. € is a vector of white noise processes with
E(e;) = 0 and E(g4e;) = X. The deterministic part is omitted to simplify the presentation without altering

the results below. Now consider a Structural Moving Average (SMA) representation for X;:
Xy = A(L)ne, 2

where A(L) = 3772, Aj and . = (me, no¢)’ is the vector of orthogonal structural shocks with E(n;1,) =
Q) a diagonal matrix. A common identification assumption is {2 = I5, the variance of the structural shocks
is then normalized to one.

Given representations (1) and (2), the error terms &; from the reduced form are related to the structural
error terms 7); as follows: e, = Agn; which implies that ¥ = Ay Aj{,. The SMA representation is identified
through the identification of the relationship matrix Ag. We focus here on the identification strategy based
on long-run restrictions such as proposed by Blanchard and Quah (1989). The identification scheme uses
the long-run variance-covariance matrix of the reduced from (1) and the structural form (2) which are
related by C(1)2C(1) = A(1)A(1)" and Ag = C(1)~tA(1). Typically a lower triangular structure is
imposed to the long-run impact matrix A(1) which can be easily obtained using a Choleski decomposition
of the long-run variance-covariance matrix C'(1)XC(1)’. In the case where two variables are included in
X4, the first structural shock is the only one shock that can have a permanent effect on the first variable.

Now consider for a finite sample of 1" observations a structural characterization of the highly persistent

variable Xo; as a nearly stationary persistent process:

c
AXoy = a1 (L)Any + az(L) <1 - (1 - ﬁ) L) M2t
= a1 (L)Ane + ager(L)nay,
where ago (L) = a(L) (1 — (1 — ﬁ) L). By the Beveridge-Nelson decomposition, this can be

rewritten as

AXy = ag1(L)Aniy + agor(1)m2r + asg (L) Anzy



with age (1) = a22(1)ﬁ and a5y p(L)(1 — L) = ago,r(L) — G22,7(1). Let us examine in more details
this specification. The SMA bivariate representation contains a difference stationary process A Xy and a
highly persistent process such that:

] o ST )

and only 7+ has a permanent effect on the first variable. The second variable Xy, is asymptotically station-
ary but locally nonstationary for values of ¢ greater than zero.!> The value of ¢ controls the amplitude of the
local nonstationarity. Moreover, for appropriate values of as1 (L) and ag2(L), the process is asymptotically
persistent but stationary. We also consider the case that the second shock can have locally a permanent ef-
fect on the first variable X7;. We show below that this can occur when the first variable is a linear function
of the persistent variable Xo;. For a fixed T, the corresponding characterization of the first variable is

AXy = an(L)ni + aiz(L) <1 - (1 - \/CT) L) ot

= an(L)me + a2, (L)nat,

where a127(L) = ai12(L) <1 — (1 — ﬁ) L) and c is the same as in specification of the variable Xo;.
Here, the identification scheme based on the long run restriction that only the first shock has a permanent
effect is still valid asymptotically but does not hold for a finite 7'. The resulting SMA bivariate representa-
tion is:

2% = len@ir ) eris) ) @

An illustrative RBC model presented below motivates the proposed SMA representations (3) and (4).

2.2 Anillustrative RBC model

The SMA representations (3) and (4) nest several business cycle models wherein TFP contains an exact unit
root. To see this, let us consider the following simple dynamic model. The intertemporal expected utility

function of the representative household is given by
e .
E;Y B {log(Cris) + B (1 — Hepi)},
i=0
where B is a positive scale parameter, 3 € (0, 1) denotes the discount factor and F; is the expectation

operator conditional on the information set available as of time ¢. C; is the consumption at ¢ and H,

represents the household’s labor supply. Time endowment is normalized to unity. To ease the computation

"2The case of ¢ smaller than zero are not allowed to exclude nonfundamentalness representations of A X5 in finite sample.



of the solution, we assume that utility is linear in leisure (see Hansen, 1985). The representative firm uses
capital K; and labor H; to produce the homogeneous final good Y;. The technology is represented by the

following constant returns—to—scale Cobb—Douglas production function
Y = K{ (ZHy)' ™,
where 6 € (0,1). The TFP, represented by Z;, is assumed to follow an exogenous process of the form

log(Z;) = log(Zi—1) + (7> — 1) + 02121,

where v, > 1 is the gross growth rate of TFP, o, > 0 and 7, is iid with zero mean and unit variance. The

capital stock evolves according to the law of motion
Kiv1 = (1—0) K¢ + I,

where 0 € (0, 1) is the constant depreciation rate and I; denotes investment. Finally, the final good can be
either consumed or invested

}/;:Ct_‘_lt-

The approximate solution of the model is obtained from a log—linearization of the stationary equilibrium
conditions around their deterministic steady state (see Appendix A for more details). This gives the follow-
ing equation for hours:

(1 — pL)hy = Vo0 (5)

where a hat represents the relative deviation from steady—state. The parameter v is positive and ¢ €
(0,1) is the stable root of the log-linear version of the model. Hours worked increase after a technology
improvement and go back steadily toward their steady—state. Notice that despite its simplicity, the model
implies that hours worked can display highly persistent fluctuations when ¢ is close to one,'® but they are
stationary since ¢ < 1 (i.e. ¢ is the stable root of the model).

Getting a near—stationary persistent process as a solution of the business cycle model is a complicated
task because the time series properties of this process depends on the size of the sample 7T'. This is not the
case of any typical business cycle model, wherein the size of the sample does not enter as a parameter into
the model’solution. Here we consider that the persistence in hours is a combination of the model’s property

(see equation (5) that is free of T") and a measurement error (an equation that heavily depends on T).14

3The parameter ¢ exceeds 0.98 for a standard calibration of the model.

"“We closely follow the approach developed in Ireland (2004). The method consists in combining the power of DSGE model
with the flexibility of unconstrained time-series models. Ireland (2004) notably shows that the measurement equation associated
to a prototypical business cycle model displays a high level of serial correlation. Measurement issues have been already deeply
considered for the estimation of DSGE models (see the references in Ireland, 2004).

10



Let {h;}i=T, the hours worked observed by the econometrician for a given finite sample 7'. Hours evolves

according to the following measurement equation
hy = hy + B 6)

where h; is the observed realizations of hours worked in log and in deviation from its mean, h; is given
by equation (5) (the solution of the business cycle model) and h{ represents a low-frequency measurement
error. This low-frequency measurement error is assumed to follow a near—stationary persistent process of

the form

S(L)ARS = <1 - (1 - &) L) TeTet

C C
= (=0 + (11— —= ) ocAn. 7
ST e ( ﬁ)" et ™

where ¢ > 0, o, > 0 and and 7, is iid with zero mean and unit variance. In addition, 7. is assumed to
be orthogonal to 7),; (contemporaneously and for all leads and lags). The polynomial ¢(L) has all its roots
outside the unit circle. For 7" finite h{ contains a unit root. When 7" goes to infinity for a given positive c,

the process (7) reduces to
O(L)hi = ocner.

So, in a finite sample, observed hours are nonstationary for ¢ > 0. This characterization of low-frequency
measurement error tries to capture the difficulty with an insufficient span of available data to consistently
estimate the mean reverting property of the underlying process. The series seems nonstationary for the
sample on hands while the underlying process is stationary as hours worked per capita. This specification
supposes that the highly persistent component which is hardly approximated in finite sample depends on a
shock orthogonal to the technology shock (ex: a labor wedge shock). This can also capture low-frequency
movements in the standard measure of hours worked corresponding to sectoral shifts in hours and the
changing age composition of the working-age population (Francis and Ramey, 2009). According to these
authors, these low-frequency comovements must be removed from the labor productivity growth and hours
worked series.

Using the model’s solution (5), the measurement equation (6) and the measurement error (7), hours in

first difference admit the following moving—average representation

Ahy = Ahy+ AR

L -1
— (1 _V¢L> o ANz + C(#f/%m:??ct + ¢(L)—1 (1 — \/CT> AN ®)

11



From (8), we obtain that the technology shock has no long-run effect on hours, whereas the low frequency
shock on the measurement errors has a permanent effect on hours in finite sample.

Using this equation and other model’s variables, we can now present some illustrative examples for
SMA representations (3) and (4). Denoting 11; = 1, and 12; = 7., equation (8) can be rewritten in the

form of the process for Xy;, where

an (L) = <1_”¢L>az,
cp(L)

(L) = = oo+ H(L)™ (1 - \/CT> oo(1— L)

This type of representation for Xo; will be always maintained, i.e. hours worked represent the locally

nonstationary variable under study. The variable X; can be interpreted in several ways, but examples that

we consider maintain the central assumption that X7, contains an exact unit root.

Example 1 : AXy; is the growth rate of TFP. In this case, the process for X, reduces to a11(L) = o,

and a12(L) = 0. However, AX7; can be a contaminated measure of TFP, but the contamination has no

long-run effect in finite sample. This case can be handle by imposing a11(L) = o, and a12(L) = agg),

(0)

where a5’ is a non—zero scalar. A more general formulation for a;2(L) can be also considered to account

for long—lasting contamination effects.

Example 2 : A Xy, is the output growth. Using the solution of the business cycle model (see Appendix

A), the output growth is given by
Oz A77,21‘/
1—o¢L

Ayt = 02Nzt — M 9

where 1 is a constant parameter. This implies that a1 (L) = o, — u”‘i(ji;f) and a12(L) = 0. Notice that a
very similar formulation can be obtained if we replace output growth by consumption or investment growth.
Measurement errors can be easily included by assuming that a;2(L) is non—zero. The central assumption
that we maintain is that these measurement errors have no long—run effects on output in a finite sample. In

a more complex model, Ay, can be affected by an other permanent shock than the technology shock (see

Gali, 1999).

Example 3 An interesting case is when the nonstationary variable considered in the SVAR model is
contaminated by the highly persistent variable. For example, the productivity variable used in most of
SVARs with long—run restrictions is growth rate of the labor productivity (see Gali, 1999, Christiano,

Eichenbaum and Vigfusson, 2004a, Francis and Ramey, 2005). To illustrate this, consider the case where

12



the econometrician constructs a measure of productivity growth using the output growth given by (9) and

the observed change in hours given by (8):

ptv )G An, - OO )
1—(pL z zt \/T \/T

In this case, AXy; = Ay — Ah;y with AX9; = Ah;. Consequently, labor productivity is contaminated

Ayt - Aht = O0zMzt — < Ocllet — ¢(L)_1 <1 - UCAnct (10)

by the low—frequency component of hours. In other words, the variable X7, is now function of the nearly
stationary persistent process Xo;. In finite sample, the two shocks 7.; and 7. affect permanently the
labor productivity. Francis and Ramey (2009) have already investigated this issue by showing that long—
run identifying assumption used in empirical works are valid only when labor productivity are defined in
efficiency unit. When they are not, labor productivity depends both on TFP and the ratio of efficiency hours
to aggregate hours. In our statistical setup, the effect of this ratio in finite sample is captured by the near
stationarity in the measurement errors. It is important to note here that output growth does not share the

low-frequency movements of hours precluding a cointegration relationship.

3 Estimation and Inference

We now consider estimation and inference with the two specifications of the SVAR model. In practice,
the reduced-form moving average representation is retrieved by performing a finite order VAR on the data.
Suppose now that the structural moving average representation can be characterized or approximated in

small sample by a finite VAR of order p.!3 Consider, the following reduced form VAR(p):

Ld , 1_S°P d(i) i S d(i)Lz‘
D(L)X; =¢; where D(L)=1-> DiL'= =l 117 L
i=1 i=1dor L 1= iy dy L
1 b
By multiplying both sides by a matrix By = 10 112 = Ay ! we obtain the VAR in function of
— 021
the structural shocks as follows: B(L)X; = n; with B(L) = ByD(L). More explicitly, the first variable is
given by:
. LA . . .
AXy = (Z AL — ) S dé’fﬂ) AXy + (Z dyLi + o) 1= dggy]) Xot + e
i=1 i=1 i=1 i=1

Imposing the structural long-run impact matrix A(1) to be lower triangular implies that By D(1) is also

lower triangular by A(1) = D(1)~!Ay. The long-run multiplier of the variable X, on A X7, is then zero.

'5By considering the order p — oo (at some rate) and % — 0, Lewis and Reinsel (1985) show that a multivariate infinite
autoregression can be arbitrarily approximated by a finite VAR of order p. Furthermore, under Assumption 1 in Inoue and Kilian
(2002), the least-squares estimators of the VAR parameters are asymptotically normal.
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Imposing this constraint yields

D o D o -1l
AXy, = (Z )L — b)) > dg?y) AXip + b AXo + > B LIAXa + i
i=1 i=1 i=1

= bn(L)AXy—1 + b%%)Ath + bia(L)A X 1 + mus

with bgg) = —dj2(1)/(1 — d22(1)) and b12 =— Z] i1 ( 532) - bg%)d%)). The second equation is:

P o
Xot = <bgq> [1 ~ diL

i=1

P .
iy dggy) AXy (z L 103 dlgy) KXo+

i=1 i=1 i=1
which can be rewritten as

P . P o -l
Xy = <bg2> [1 S dir| + d@y) AXi +bop(1) X1+ Y bsg L'AX o + 1122
=1 i=1 =1

= W AX + b (L)AX 1 + boo(1) Xop g +522<L)AX2t—1 -+ 12t

where bgo (1) = daa(1) — bé‘?dm( 1) and béz == b ( ) == i (d%) - bg)d%))
3.1 The LSVAR Model

Let us first consider the LSVAR specification. With this specification, the second variable Xo; is included
in the VAR in level. To simplify the exposition, suppose that the initial condition is fixed to zero (i.e.

X9 = 0). The structural highly persistent process is rewritten in level as:

t
c ~ %
Xor = aa(L)me+ a22(1)ﬁ g M2i + @9 7 (L)t (11)

For a finite 7" and ¢ > 0, the second structural shock has a permanent effect on the variable Xo;. The finite
measure of the element (2, 2) of the matrix A(1) is then very sensitive to the value of the parameter c¢. For
T going to infinity and ¢ > 0, the second term at the RHS of eq. (11) does not disappear asymptotically but
converges toward a Brownian motion. Thus,

(T7]

a22(1)\% Z i~ azz(1)cW (r)
i=1

where W (r) is a standard Brownian motion for r € [0, 1], ¢ = [T'r] and [] means the integer part. Conse-
quently, even though — 7T 0 as T" is going to infinity, the variance of Xo; is still function on the second
term and in particular depends on the value c. We will show below that this introduces an asymptotic non
standard distribution for impulse responses resulting from the LSVAR. For the first variable A X;, when

the specification (3) is true, the long-run restriction that only the first structural shock has a permanent
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effect on the first variable is valid for all finite 7". When the first variable is contaminated by the highly
persistent process Xo; as labor productivity, the restrictions is violated for a finite 7" as in specification (4)
which introduces a potential finite sample bias of the long-run matrix A(1) estimator. This finite sample
bias is transmitted to the estimator of Ay and the resulting impulse responses by the following relationships:
A(0) = C(1)~tA(1) and A(L) = C(L)A(0). This explains why dynamic responses from LSVAR using
a “purified” measure of TFP differ from LSVAR using labor productivity and why the latter yields biased
dynamic responses as shown in simulations by Chari, Kehoe and Mcgrattan (2008) and Feve and Guay
(2010).

Let us now examine more precisely the asymptotic properties of the LSVAR. We are interested by the

estimation of the two following equations.

AXy = bu(L)AXi—1 + by AXor +bia(L)AXzi—1 + 11 (12)
Xor = b3 AX1+ bar(L)AX1—1 + baa(1) Xo—1 + baa(L)AXni—1 + 1. (13)
We rewrite the model as function of bgg) and bg) whose asymptotic properties determines the limiting

behavior of the impulse responses at the impact and b3, defined as b22(1) — 1 above which undermines the

asymptotic properties of the dynamic of impulse responses. Thus, the model can be rewritten up to 0, (1)

terms as
AXy = bOAXy +mu (14)
AXy = bBWAXy + by Xor 1 + (15)

where A)N(H, A)A(:Qt and )?gt,l are defined as the residuals of the projection of these variables on the
predetermined variables W1 = (AX 11, ..., AXt—p, AXop—1,..., AXo 1) and by = baa(1) — 1.
To study the properties of the impulse responses, we consider the IV estimator of the SVAR model proposed
by Shapiro and Watson (1988). Christiano, Eichenbaum and Vigfusson (2004a) and Gospodinov (2010)
employed this estimator to analyze the cases where the second variable is difference stationary or a nearly
nonstationary process, respectively. The IV estimator of bgg) with X9, as instrument is given by the
following expression:

~ T 0 v
700 T i X1 AKXy, %Zﬁf&“lbgAX%+nd
12 = =

% Z?:Q X2t—1AX2t % 23:2 th_lAXQt

or equivalently

1 T
- 15T X,
20 ) _ T 2= Ko op(1).

12 — 013 = = (16)
+ ST Xor 1AXy,
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Consider now the estimation of the structural parameter bgi) in equation (15). Since 714 and 7)9; are orthog-

onals, the residuals 71, = AX 1t — Zgg) A)N(Qt can be used as instrument for the endogenous variable AX 1@

Thus, 71 = N1t — (/l;gg) — bgg)) A)N(Qt. Let us now define z; = (71y, Xos_1) and z; = (A)Nflt, )N(Qt_l)’.

/ ~ -1 ~
The IV estimator of 8 = (bgi), b22) is then given by = [% 23:2 ztmg} [% Zthz 2t AXo;|. The
(0)

following theorem provides the asymptotic properties for the IV estimator of bgg), by, and b3,.

Theorem 1 Under the structural model (3) or (4) and assumptions in Lemma 1, the IV estimator b( ) 2

bgg) and B TN B converges to the true value. Thus,

_ ¢1/2€ +9
YOURE =

() 1 & (06en)

(0) 4 4
aq Qo9 b22¢2

(0) 1/2 1/2
VT <b22 - 22) — ( ) - 12(0)22 - §o +
an ¢2 ajq ¢2 ¢2
where 191 = CLQQ fO W2 dWl( ) 192 = CL22 fO W2 dWQ( ) Wl'thf = (51,52), ~ N(O,IQ),

Wi (r) and Wy(r) are two independent Brownian motions and 1/12 and ¢2702 are defined in the Appendix.

Theorem 1 establishes that the IV estimator of ng), b 1) and b3, are consistent. This result is not surprising
since as 1" goes to infinity, Xo; is a second order stationary variable. The second set of result shows that the
asymptotic distribution of v/T' (/58) — bgg)) is a mixture of Gaussian distributions for ¢ greater than zero. The
first term of the asymptotic distribution is the usual asymptotic distribution for a stationary variable Xs;.
The term J; has a Gaussian distribution conditional on Ws(-) since Wi (-) is independent of W5(+). This
component produces wider confidence interval compared to the standard case with stationary variables by
increasing the parameter c controlling the local nonstationarity. Theorem 1 also shows that the asymptotic

distribution of the IV estimator of bgi) is a function of the asymptotic distribution of bgg) and then shares the

same asymptotic properties. This is due to the use of the instrument which depends on the estimator /l;gg).
Finally, the asymptotic distribution of the IV estimator of persistence parameter b3, is non standard and
depends on ¥; and 2. The term )5 is of an unit-root type distribution providing fat tails in the asymptotic
distribution. Larger is the value of ¢, wider is the non standard confidence interval.

In the light of the business cycle model, Theorem 1 states that whatever the variable used for X, (TFP,

output or a proper measure of labor productivity), the LSVAR provides consistent estimators. The definition
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of X1 does not matter a lot for the asymptotic distribution. To see this, let us consider the case where A X1
is the growth rate of TFP, i.e. AX;; = Az;. This implies that agg) = 0 and thus bg) = 0. In this case,
the limiting distribution of /b\gg) and /I;gi) are left unaffected. The sole difference concerns 5;2 for which the
limiting distribution does not include the random variables {; and v;. However, the asymptotic distribution
is still non standard as it depends on v2. Again, larger values of c tends to increase the confidence interval

A*
for b3,.

We now examine the asymptotic behavior of the impulse response function to the permanent shock

(e.g, mt). According to the SMA representation (2), let ag]? = % be the impulse response function at [
J
periods ahead for a normalized structural shock j for the variable X}. Since the estimators of bgg), bgi) and

b3, are consistent according to Theorem 1 and other parameters in the VAR are also consistently estimated,
we can show that estimates of impulse responses a,(g resulting from the VAR are also consistent. However,
their asymptotic distributions are non standard due to the local nonstationarity of Xo;. A simple example
can give insight about the effect of the local nonstationary on the asymptotic distribution of the impulse

responses. Consider the following VAR(1) model

AXy = bﬁ%)Athert

Xoo = 0N AXy + by Xor 1 + 12t

For instance, in this case the estimator of the impulse response function of the first shock on the second
variable Xo, this is given by

~

0 [~ 00\
bél) <b22 - 552)551))

a(l) —
=~0Y~0
(1 b&Q)bél))l !

21 —

and 3;2 = 322 — 1. At the impact (i.e. [ = 0), the asymptotic distribution depends only on the asymptotic
distribution of the parameters bg%) and bgi) which is a scaled mixed of Gaussian distributions depending
on c. For the propagation of the shocks (i.e. [ > 0), the asymptotic distribution depend also on the
asymptotic distribution of b3, which is of the unit-root distribution inducing fat-tails distribution for the
impulse responses. In the more specific case where A X7, is the growth rate of the TFP, bgg) = 0, the
estimator of the impulse response function of the first shock on the second variable Xy; is given by the

following simple expression

=1 (1)
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3.2 The DSVAR Model

Let us now consider the DSVAR specification. From (4), the finite sample measure of the long-run impact

is given by:
a11(1) a12(1)e/VT
0 ase(1)e/VT| "

When the first variable A X1, is not function of the second variable as in (3), the term a;2(1)c/ VT is equal

Ar(1) =

to zero and the long-run restriction that only the first shock has a permanent effect on the first variable
is valid. When, the first variable corresponds to labor productivity growth, since AXy; = Ay — Ahy
and AXy = Ahy implies a1(1)e/vVT = —asz(1)e/v/T. The linear dependence between the labor
productivity growth and Ah; induces negative low frequency co-movements between these variables. In
contrast to small low-frequency co-movements discussed in Gospodinov, Maynard and Pesavento (2011)
which are present in the LSVAR specification but disappear in the DSVAR specification, the negative co-
movements here are present in the DSVAR specification.'® In particular, the negative low-frequency co-
movements between labor productivity and hours in the DSVAR which are absent in a DSVAR including
TFP and hours explain the difference in the estimated impulse responses between these two specifications.

As T — o0, the long-run restriction that only the first shock has a permanent effect on the first variable
is valid. However, this long-run restriction measured by the matrix A(1) is violated for a finite 7" and this
matrix is upper triangular instead of lower triangular. Provided ¢ > 0 and T fixed, two shocks have a
long—run effect on Xy, the permanent shock 7;; and the non—permanent 75;. Suppose now that we use,
as usual, a long-run identification scheme to uncover 7y;. It follows that the long—run effect of 7y, on Xy,
will be attributed to 71, leading to over—estimate the contribution of 7;;. Notice that when c¢ increases, i.e.
when the variable X9; becomes more and more persistent, the effect of 12; on X; increases, because the
variable X1, is contaminated by Xo;. Indeed, the second shock 72; will have a permanent effect on Xo;
in finite sample. When the size of the local nonstationary alternative ¢ increases, the shock 79; will have
larger permanent effect on Xo;. Again, because the long—run identification will wrongly attribute to 74
the permanent effect on X1 of 79, this identification scheme will conclude that the shock 7;; will have a
permanent effect on X, whose sign will depend on the sign of a12(1). Observe also as T' — oo, only the
element (1,1) is different from zero and the matrix A, (1) is singular resulting from the over-differentiation
of Xoy.

The next proposition characterizes more precisely the finite sample measure at zero frequency when a

16Using estimated DSVAR parameters, we can compute low-frequency co-movements between labor productivity growth and
hours worked in difference using the non-farm business sector data for a given interval of frequencies and, in particular, for
the frequency zero and its neighborhood. In fact, it exists a non negligible negative low-frequency correlation between labor
productivity growth and hours worked in difference. This is consistent with our specification.
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lower triangular structure is imposed to the matrix A7 (1) for the DSVAR model.

Proposition 1 Consider a DSVAR model with variables AX1; and AXo; defined in eq. (4). The finite
sample measure of the long-run impact of the structural shocks by using the Choleski decomposition is

given by the following lower triangular matrix :

(an(l)Q +a12(1)262/T) 0

a12(Dass(1)2/T a12(1)2azs(1)2c /72 \ /2
e (0T - S )

1/2
chol (Ar(1)Ar(1)') =

where chol(-) is the Choleski decomposition.

Imposing that the second shock has no long-run effect on the variable X, yields a theoretical (popu-
lation) impulse response function of the permanent shock 7;; that is biased. The finite sample bias intro-
duced by wrongly imposing a lower triangular matrix depends on the parameter a12(1). First, the finite
sample measure of the long-run impact of the permanent shock on the first variable is over—stated since
(a11(1)? + a12(1)%c2/T) V2 a11(1) for aj2(1) # 0. Second, the finite sample measure of the long—run
impact of the first structural shock 75+ on the second variable is of the same sign as a;2(1). For a negative
value of a12(1) = —age(1), which corresponds to the case of labor productivity, the finite sample measure
of the long run impact is negative. The contamination of the finite sample measure of the long—run impact
is then transmitted to the estimator of the relationship matrix Ag by the expression : Ag = C(1)"LA(1).
This result is of importance since it establishes that the local nonstationarity of per capita hours worked
may lead to a downward bias in the estimated dynamic responses from a DSVAR model (when a15(1) is
negative), despite the fact that a first difference specification seems to be adequate in finite sample.

We can easily translate the results of the above Proposition in terms of the business cycle model. First,
consider that A X7, is the growth of labor productivity given by (10) and the econometrician estimates a
VAR model with a difference specification for observed hours Ah;. From equations (10) and (8), the finite

sample measure of the long—run impact matrix is given by:

cp(1) !
0, — Oc¢

Ap(1) = . e
VT ¢

Now, applying a Choleski decomposition to the long—run covariance matrix A7 (1)Az(1)’, we obtain

the long—run effect of each structural shocks as identified by the DSVAR model:

_ 1/2
(2 + 22020 0
no_ 1/2
ChOZ(AT(]‘)AT(]‘) ) - 02¢(1)—2Ug 02¢(1)—20.2 . C4¢(1)—4o.écl
T(ag+c2¢(l’}*202>1/2 T T2 (a§+ 02</>(1%_203>
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First, looking at the (1,1) entry of the decomposition, it appears that the long—run effect of identified tech-
nology shock on labor productivity is over—estimated in finite sample as long as ¢ > 0. Second, inspecting
the (2,1) entry, the DSVAR model will predict a negative long—run effect of technology shock on hours
under a business cycle model in which this long—run effect is zero. When 7' is large enough regarding c,
the long—run effect tends to zero.

Another interesting results from Proposition 1 is the case where a;2(L) = 0. It follows immediately
that the long—run response of X5y, to 11, is zero, whatever or not this variable follows a local non—stationary
process. This can be illustrated again, using the business cycle model. Consider now that the econometri-
cian uses a perfect measure of the TFP.!'7 In this case, AX1; = Az. From (8), the finite sample measure

of the long—run impact matrix is now given by:

o, 0
AT(l) = 0 Cd’\(}l_lo_ :
T C

The Choleski decomposition of the long—run covariance matrix yields

o, 0
chol(Ar(1)Ar(1)') = [ O ]
vt ¢

The long—run responses of the TFP and hours obtained from the DSVAR model are consistent with the busi-
ness cycle model, even in finite sample. The parameter ¢ does not affect the estimated long—run response
of TFP and hours to a technology shock. This results is of importance because it corresponds to the case
where bg%) = 0. As shown below, in this case, the short-run response obtained from a DSVAR are unbiased
and the dynamic responses can display small bias if a sufficient number of lags are included in the VAR
model. Coupled with estimated long—run response, our results indicate that DSVAR can almost properly
uncover the dynamic responses of hours worked when the econometrician use a perfect measure of TFP.

To study in more details the properties of the estimators resulting for the DSVAR, the corresponding

estimated reduced form VAR(p) for both variables in difference is given by:
D(L)X; =¢;

where the vector X; is now defined as X; = (AXy, AXy). By multiplying both sides by By =

_ 30
;(0) ?2 = Ay, we obtain the VAR in function of the structural shocks: B(L)X; = 5} with
—021

B(L) = ByD(L). Imposing the structural long-run impact matrix to be lower triangular implies that

ByD(1) is also lower triangular. The long-run multiplier of the variable A X5y, on AXy, is then zero.

17Similar results for long—run responses hold when measurement errors has no long—run effect on this measure in finite sample.
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Imposing this constraint yields for the first equation,
AXyy = bi(L)AXy 1+ 09 A Xy + bia(L)A X1 + 175, (17)
and for the second equation:
AXo = b3 AX + by (L)AX ;1 + bas(1)AXo 1 + bog(L)A2Xo 1 + 1. (18)

Asymptotically, the LSVAR is correctly specified while the DSVAR is misspecified. To study the
asymptotic properties of the estimators obtained with the DSVAR specification, we rewrite the correctly
specified LSVAR’s eq. (12) such that the variables Xo; and its lags appear in second difference as function

of the parameter bgg). Thus

AXy = n(D)AXy—1 + bg%)AXm + b12(L)AX 9 1 + it
= bi(D)AX1e-1 + b)Y A2 Xop + bi2(L)A2Xo, 1 + 1, (19)
with nj, = —bgg)Ath_l — glg(L)Ath_g + n1¢. By comparing eq. (17) with eq. (19), we see that the

error 1), is function of the lagged values of AXy;. By rewriting also the second equation of the LSVAR,

we can compare with the second equation of the DSVAR. Thus,
Xot = bYAXy + bor (L)AX1p-1 + baa(1) Xog—1 + baa(L)AXos—1 + 12t
and rewriting in difference
AXy = U AXy+boi(L)AX1i1 + boo(1)A X1 + baa(L)A* X1 + 173 (20)

with n;t = _bg1AX1t—1 - b21 (L)bzg (L)AXlt_z + Mot — Nat—1.
As we proceed for the LSVAR, the first equation of the DSVAR is rewritten as:

AXy =B A2 Xy, + 0, 1)

where AX; and AQ)Z'% are defined as the residuals of the projection of these variables on the predeter-

mined variables (AX7¢—1,...,AX ;1 p, A2Xoi 1, ... ,A2Xo; 7). Using AXy; as instruments, the

IV estimator of bgg) in equation (21) is then given by the following expression:

20 _ 7 ZtTZQ AXy 1AXy
12 = —.
LS AXy 1 A2Xy,

Since AX9;—1 and 77, are correlated by eq. (19), the DSVAR estimator of bg) is asymptotically biased.

Consider now the estimation of the parameters of equation (18). As in the LSVAR case, one uses the
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residuals 7}, = AXy — 35%)A2)?2t as instrument for the endogenous variable AXy;. Thus, 77, = 1}, —
(3@) — bg%)) A2Xy;. The estimator is obviously asymptotically biased by the correlation between 77, and
75, as we can see by expressions derived above. The estimator of ba(1) is also not consistent by the
correlation between A Xy, 1 and 73,.

Now, suppose that the DSVAR is estimated with a “purified” of TFP. In this case, the first equation of
the DSVAR is given by:

AXy = bi(L)AX1—1 + 17y

The first equation of the DSVAR is now the same as the LSVAR. The IV estimator /b\gg) defined above

is then consistent and converge to zero since 1], = 71; in this case. The resulting residuals 7], can be

used as instruments in the second equation for the estimation of the parameter bgi). This also yields a

consistent estimator of bgi) thanks to the absence of correlation between 7, and 75,. However the estimator
of bya(1) is still inconsistent. The asymptotic bias of the estimator of bya(1) is function of the following
term: limp_, o %Ath,mgt. An important part of this bias comes from the unit root in the error term
Anp; resulting from the overdifferentiation of the second equation of the VAR. This bias can be reduced by

increasing the number of lags in the DSVAR model (see Marcet, 2005).

4 Conclusion

This paper studies the statistical properties of impulse response functions in SVARs with a highly persistent
variable as hours worked and long—run identifying restrictions. The highly persistent variable is specified
as a nearly stationary persistent process. We show that the estimated responses from LSVAR and DSVAR
models are biased in finite sample if the measure of productivity is contaminated by low frequency move-
ments in hours. However, if the econometrician uses a “purified” measure of TFP, the bias disappears for
the LSVAR and the DSVAR specifications. We also show that the estimators from LSVAR are asymptoti-
cally consistent, but display a nonstandard limiting distribution. This explains the large confidence interval
for the dynamic responses in the LSVAR setup (see the estimations from US data). This also helps to un-
derstand existing simulation results obtained in Chari, Kehoe and McGrattan (2008) and Feve and Guay
(2010).

Our findings can serve as useful guideline to improve the reliability of SVAR models with long—run
restrictions. First, our theoretical and empirical results suggest that more efforts must be made to obtain
proper measures of TFP as done by Basu, Fernald and Kimball (2006) at annual frequency, because includ-

ing highly persistent variables in SVAR models is less problematic in this case. Second, our findings show
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that part of the poor performances of SVARSs is due to the high persistence of hours. Some previous papers
have tried to deal with this problem. Francis and Ramey (2009) construct a corrected measure of per capita
hours worked that adjusts for low frequency movements in government employment, schooling, and the
aging of population. Feve and Guay (2009) propose a simple two step method. In a first step, a consistent
estimator of the technology shock is obtained with a SVAR excluding hours worked. The response of hours
that follows a technology improvement is estimated in a second step using different linear projections on
the estimated technology innovations. Interestingly, these three aforementioned papers find that both level
and first-difference specifications yield very similar dynamic responses in SVARSs, i.e. a short—run decline

followed by a positive hump-shaped response of hours.
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Appendix

A Log-Linear Solution of the Model

The optimality and equilibrium conditions are given by:

1 Yipr] 1
g ~ 7 [1 _“(’KHJ Crm
BH, — (1-0)2t
Cy
Kiw = (1-0) K+ KV (z.H)' — ¢,
Alog(Zy) = (7. —1)+ 0z

In this model, the technology shock Z; induces a stochastic trend into output, consumption, investment and
capital. Accordingly, to obtain a stationary equilibrium, these variables must be de—trended as follows
i o _ G« It - K

7, 7,

The log-linearization of equilibrium conditions around the deterministic steady state yields

ki = (1;5) (ke — o) + %Et - g& (22)
he = Y& (23)

Be = 00k — oune) + (1— O)y (24)
B = &G+ aﬁ%ﬂt@tﬂ - Etﬂ — OaMzt41), (25)

where y/k = (v, — B(1 — 6))/(8B7.) and ¢/k = y/k — (y2 + 6 — 1)/~.. After substitution of (23) into

(24), one gets
1—0+

o
Now, using the above expression, equations (22) and (25) rewrite

Yy — kt = —0zMzt —

o) = . '720
E = th = 1 26
tCt+1 ©Ct w1 2 V. — 5(1 — 9)(1 — (S) € (O> ) ( )
Z?tJrl = Vllét — V10Nt — VQEt
. 1 v:(1 = 50%) — B(1 = 6)(1 — 6?)
th =—>1 d = 27
with 4 By > an V9 02/872 (27)

As v1 > 1, (27) must be solved forward

> v L1y 1\"2
kt = 0Nyt + <> lim Et Z <> ét—l—z‘ + lim Et <> kt—l—T
V1 ) T—oo P 141 T—o0 141

Excluding explosive pathes, i.e. limp_,o Ey (1/ 1/1)T lfoT = 0, and using (26), one gets the decision rule

on consumption:
- vy — %
& = < > “”) <kt - aznzt> (28)
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After substituting (28) into (27), the dynamics of capital is given by:
kv = (l?:t - aznzt> (29)

The persistence properties of the model is thus governed by the parameter ¢ € (0, 1), which corresponds
to the stable root of the log—linear version of the model. The decision rules of the other (deflated) variables
are similar to equation (28). The hours worked are given by

v t— Uz”zt)

v <_1_80S’110z€z,t1 - 0z"72t>

_ 027zt
(=

where v = a(v) — ¢ — 0v,)/(0v2) is a positive parameter. The latter expression shows that hours worked
(or the consumption to output ratio) follows exactly the same stochastic process (an autoregressive process
of order one) as the deflated capital log(K;/Z;_1) in equation (29).

Using the expression for the growth rate of output

~

he = 9 —

Q)

t

I

Ayt =¥y — Y1 + 02Nt

we deduce
O A77zt

1— oL’

Ayt = 02Nzt — W 31

where p=1— (1 —0)(11 — @)/ (avs).

B Proofs

Lemma 1 Under the assumptions thaty . z|a,(€?| < oofork,j=1,2andthat {n;} is a two dimensional
ii.d. sequence of structural shocks with zero mean, finite fourth moments and E(nn;) = Ia, we get by
Proposition 18.1 in Hamilton (1994, p.548)

t=2 =2
1 [ <
- Z (cZﬁ2i1> Mot — C/ Wa(r)dWs(r)
t=2 =2
1 T I 0 AN 2
Nii > ai(Lnje—ame — N (0’ > (%ﬁ?) )
T s i=0

where W1 (r) and Ws(r) are two standardized independent Brownian motions | = 1, 2.
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B.1 Proof of Theorem 1

Let us first give the asymptotic variance of Xo; with ¢ > 0 and ¢ = 0. For the case where ¢ > 0, we can
show that

T 0o 00

) 1

«(/;2 = T]gréo T ; XQt_lXQt_l = ZO a%l + ZO CL%Q + CLQQ(l)ZCQ.
= i= =

which depends on the parameter c. We also define 1) o as the asymptotic variance of Xo; but with ¢ = 0.
Under the structural model (3) or (4), the numerator of the IV estimator of bgg) is given by!®

T T t
% tz:; Xot—1m¢ = ; tz:; ag1 (L)me—1 + a22(1)% j22772j—1 + ago p(L)n2e—1 | Mt
where the partial sum verify
T [t
a22(1)ﬁz > i | me B 0.
t=2 \ j=2
Op(T)

Asymptotically a3, (L) = ago(L) and by Lemma 1 this yields
22T
1 1 &
T Z as1(L)n—1me = 0 and T Z @300 (L)M2e—11m1¢ = 0
=2 =2
which implies
1 X
7> Xarame 0. (32)

t=2

Let us now examine the denominator. By inverting eq. (14) and (15) and using B L= Ay, we get

AXy = a0 X1+ alnu + alymy (33)
AXy = aé%)l);z)?%—l + agi)mt + aé%)nzt- (34)
This yields
1 & . 1< -
T ; Xot- 14Xy = T tz:; Xot- 14X

T
1 * i 0 * i
= 7 > Xo (ag%)memA +afme + aggﬁ%) B a)vs,ts (35
t=2
where {/;2 = lim7_ % Zthz X Qt_l)?%_l. Since X9, is asymptotically second order stationary and 1;2 <

1)9 by the projection properties, 15 is then bounded. By combining (32) and (35), we get the result that
30 240 g,

18To simplify, we suppose here that the initial values are zero.
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Now we establish the convergence in distribution of bg%). Thus

S Xo
+ S Xor 1 AXy,

V(59 ~y) = VT

For the numerator

T T ¢
1 c

— > Xome = LYmi—1 +ae(l)— Y n2j—1 + @597 (L)n2t—1 | M-
/T tZQ 22 /T Z ‘] 227

=2
By using Lemma 1, eq. (35) and noting that a3, 1-(L) — a22(L), we deduce
20 _ 0\ L, 1 1 /2
a( ) b Ds
22 022

where &7 is the normal distribution NV (0, 1).
Consider now the estimator 3

T -1 T
1 1
T E Zt.’E;] [T E ZtAXQt

1
T Z 2 (28 + 1a2t)

t=2

This yields

E Ztltt

LT
= Z 212t
= ]
where more explicitly
T o~ A~ ~ ~ ~
L 3 2 = [% i AXy |:771t — (b5 — bgg))AX%} 722 Xo1 [mt - (@ - bg%))Ath}
T S X1 AX S Xor 1 X
_ |:G11,T G12,T:|

Goair Goar

and
T T (0 0 >
5= [Pl 0]
T t=2 % Zthz Xot— 1724

Let us examine the first term G117,

T T
1 ~
Gll,T - f ; AXltnlt — (b(lg) — b ) Z AXltAXQt = Z AXU"?U + Op(l)

by (E)\gg) — bgg)) 25 0and % Z?:z AX 1 AXy = Op(1). Using eq. (33), this gives % Zthz AXyny S
agl) which implies G117 2 ag?. The term Ga1 17 = %ZtT:2 Xot 1AX7y 2 agg)bzzwg using eq. (33).

For the upper right term, we obtain

T
_ 1 _
G = ZXQt 1 [7711& - (b(lg) - b( ))AX%} =7 ZX%—lnlt +0,(1)
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and ZtTZQ Xor—1m1¢ 2 0 by (32). Finally, Goor = 7 Zthg Xot 1 Xor 1 — tho.
Let us examine the expression (36). We have the following results % Z?:Q N1eN2t 20, (bg) —

bgg))% 23:2 A)?gmgt 20 and % ZtT:Q Xot_ 179t % 0. We can now conclude that B - s0.
0)

To establish the convergence in distribution of bgl and b3,, we use the following expression

- ~0 O\ A &
VT Iz\gi) — bg) _ 1 Goar —G127T:| % 25:2 [7711& - (bgg) - bgz))AXQt M2t
b3y — bis GurGar — GurGior |-Gar Gur ﬁ S Xor 17t

(37)

‘We now examine the first term at the RHS of (37). From the results derived above, we obtain G'11,7G22 7 LN

an)wg and Go1 7G12.1 20, For the last term of (37), we have f Zt o M7t L & where & ~ N (0, 1)
and

vyy 9
VT (B - 512) ZAXM% Ly 20 g L
t=2 b22¢2 b22¢2

since % Z?:Q A)?szt LN agg) with 91 = ags(1 fo Wo(r)dWi(r) derived above. Now for the expres-

; 1 T
sion VT thz Xot—17m2t,

T

VT 1 t
a Z Xog—1m2t = Z VT |as1(L)mie-1 + a(1 Z n2j—1 + a9 0 (L)N2e—1| M2t
= = =2

By using Lemma 1,

ST

T
TZ 21— [“22 / Wa(r)dWa(r )+1/11/2€2}
t=2

By collecting these results, we obtain that

¢ 1/2 9

(0) (0) 2 2,0 1

VI (o - oh) O 0 2T 0 o
aqy ajy b9t ajy 0392

Now for /b\§2 we get

a9 0) (0) 4 1/2
s )l W, b ¥a'0
VT (B, — b, ) 25 22 2 b+ 122 - [au 2
ayy o

— 022
afy v RS

where ¥9 = aga(1 fo Wa(r)dWs.

B.2 Proof of Proposition 1

According to the structural representation (4), the finite sample measure of the long-run impact is given by:

all (1) alg(l)c/\/T

Ar(h) =17 ass(1)e/vV/T|
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This matrix is not lower triangular as imposed in the identification procedure of the SVAR. The correspond-
ing long—run variance-covariance matrix is then:

ai (1)? + a12(1)2c2/T  ar12(1)age(1)c?/T

aran) = [ R oY

Now, we wrongly impose a lower triangular form using a Choleski decomposing on (38). In that respect,
we can rewrite the expression above using equation (4.4.12) in Hamilton (1994 p.90) as

1 0] [a11(1)? + a12(1)2¢2/T 0
Ar(DAr(1) = | _ap@an)e/T a1>(1)2az (1)264 /T2
a1 (a2 L 0 an(1)°)T ~ e
1 —m2(Dazz()e?/T
X a11(1)?+a12(1)%c?/T
0 1
By a Choleski decomposition for A7 (1) A7 (1)’ we obtain the lower triangular matrix:
1/2
(a11(1)* + a12(1)?c?/T) 0
n_
ChOl (AT(l)AT(l) ) = a12(1)a22(1)c2/T (a (1)202/T B a12(1)2a22(1)204/T2 )1/2
(a11(1)2+a12(1)2e2/T) "/ 22 ar1(1)%+a12(1)%e%/T
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Table 1: Long—Run effect of a Technology Improvement on Productivity Measures (in %)

LSVAR model DSVAR Model
Solow Residual 1.51 1.63
[0.90;2.93] [0.86;2.48]
“Purified” Measure of TFP 1.33 1.39
[0.80;2.18] [0.78;2.09]
Labor Productivity 2.05 2.32
[1.06;3.92] [1.10;3.77]

Notes: 95% percent confidence interval in brackets obtained from a standard bootstrap technique with 1000 replications.
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Figure 1: US Data
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Note: The left hand side of the figure reports different measures of productivity. The solid line refers to the
Solow residual, the dashed line to the purified measure of TFP and the dotted line to the labor productivity. All
are specified in logs and in first difference. The right hand side reports the log of per capita hours worked. The
data are at annual frequency and cover the sample period 1949-1996.
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Figure 2: IRFs of Hours Worked to a Technological Improvement
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Note: The DSVAR model includes alternatively the growth rate of the Solow residual, the “purified” measure of TFP and
the labor productivity, and the log of hours in first difference. The LSVAR model includes alternatively the growth rate of the
Solow residual, the “purified” measure of TFP and the labor productivity, and the log of hours in level. The sample period
is 1949-1996. Two lags are included in each VAR model. The selected horizon for IRFs is 11. 95% percent confidence
interval obtained from a standard bootstrap technique with 1000 replications.

34



Figure 3: IRFs of Technology Measures to a Technological Improvement
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Note: The DSVAR model includes alternatively the growth rate of the Solow residual, the “purified” measure of TFP and
the labor productivity, and the log of hours in first difference. The LSVAR model includes alternatively the growth rate of the
Solow residual, the “purified” measure of TFP and the labor productivity, and the log of hours in level. The sample period
is 1949-1996. Two lags are included in each VAR model. The selected horizon for IRFs is 11. 95% percent confidence
interval obtained from a standard bootstrap technique with 1000 replications.
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